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Keeping theory predictions in 
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Section a: State of the art and Objectives

Precision QCD at colliders:

Run 2 at the Large Hadron Collider (LHC) has already given particle physicists their first look at 13 TeV hadron
collisions and produced some amazing new results. However, the data collected so far only represents a few
percent of the total planned during the lifespan of the LHC so there is a huge potential for future discoveries
of new fundamental physics. New ideas for experimental analyses have led to dramatic improvements in sys-
tematic uncertainties. As a result a wide class of observables will be measured at the percent level precision
in the near future.

Keeping theoretical uncertainties in line with experiments is an essential task if we hope to get the maximum
amount of information out of the LHC. This task requires enormous effort and deep insight into the mathe-
matical structure of quantum field theory in order to overcome the technical challenge of computing precise
perturbative quantum corrections. Finding solutions to the problems that these challenges raise bridges the gap
between mathematics and physics and new ideas often come from unlikely places. The road between math-
ematical concepts and phenomenological predictions is extremely long and notoriously difficult and success
relies on a broad knowledge of perturbative gauge theories.

High energy hadron-hadron collisions present an extremely complex environment. First and foremost these
collisions are controlled by the strong force which binds quarks and gluons inside the proton. Our model of
the strong force, Quantum Chromodynamics (QCD), follows the principle of asymptotic freedom. Without this
modern collider physics would not be possible since it allows us to separate long distance interactions from
short distance effects, the latter of whichwe canmodel through perturbativemethods to probe the highest energy
interactions. The effect of asymptotic freedom on the strong coupling ↵s is to decrease its value as the energy
of the hard scattering increases. The value at the average collision energy seen at the LHC is around 0.1 and so
a naive counting of the perturbative convergence implies that both next-to-leading order (NLO) corrections of
order ↵s and next-to-next-to-leading order (NNLO) corrections of order ↵2

s are needed to obtain percent level
predictions. To have any hope of reaching a percent level precision at least NNLO accuracy will be required.

Quantum corrections to strong interactions give rise to the appearance of additional radiation in the final state.
This radiation is seen as deposits of hadronic energy in the detector which can be clustered to form jets. Un-
derstanding the dynamics of these jets is an important step in finding precise descriptions of the highest energy
scattering which the LHC requires. This task requires the ability to model high multiplicity scattering of jets
in association with Standard Model particles such as Higgs and vector bosons. These high multiplicity jet ob-
servables are the key to pinning down the transverse momentum (pT ) distributions of Standard Model (SM)
particles. Current technology is only able to model 2 ! 3 scattering processes at NLO. This project addresses
the need for precise descriptions of 2 ! 3 scattering and will new develop technology for NNLO predictions.

The project targets key observables which are of high priority at the LHC [1] and aims to provide a general
framework for NNLO predictions beyond 2 ! 2 scattering at hadron colliders. Obtaining precise descriptions
of these observables will open up new ways to probe the high energy properties of the SM. In particular we
target processes that are sensitive to the fundamental parameter ↵s in the high energy regime, Higgs and vector
boson pT spectra and the Higgs boson coupling with the electroweak sector of the SM. These proton-proton
scattering processes can be denoted pp ! ABC where each final state ABC can probe different properties of
the fundamental forces:

process precision observables
pp ! 3j jet multiplicity ratios, ↵s at high energies, 3-jet mass
pp ! �� + j background to Higgs pT , signal/background interference effects
pp ! H + 2j Higgs pT , Higgs coupling through vector boson fusion (VBF)
pp ! V + 2j Vector boson pT ,W+/W� ratios and multiplicity scaling
pp ! V V + j backgrounds to pT spectra for new physics decaying via vector boson

1

new subtractions methods (almost) complete set of 2→2 
processes at NNLO!

⇒
qT, n-jettiness, antenna, sector 

decomposition/STRIPPER

example: 3j/2j ratio at the LHC can probe of the 
running of αs in a new energy regime

e.g. CMS @ 7 TeV 
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X
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outline

• challenges and latest results

• reconstructing analytic amplitudes using 
numerical evaluation over finite fields

• new result: full colour (non-planar) five gluon all-plus amplitude

• future outlook



planar amplitudes in QCD

�
NNLO

2!2
⇡ + + +

2 ! 2 2 ! 3
N = 4 QCD N = 4 QCD

one loop integrand basis 1 65 5 175
master integrals 1 2 1 2

two loops integrand basis 2 15360 15 55580
master integrals 1 7 3 61

2 ! 2 2 ! 3
evaluation accuracy evaluation accuracy

NJet 100µ s 0.001% 100ms 0.5%
NJet2 10µ s 0.001% 1ms 0.01%

planar gluon scattering

new basis of functions



reduction bottlenecks
large algebraic 
expressions

large systems 
of equations

numerical algebra and an analytic integral 
basis solved this issue at one-loop

Laporta-style integration-by-parts 
systems can easily run into millions for 

state-of-the-art applications

on-shell quantities can be 
extremely simple - when you 

find the right language! 
e.g. unitarity (Bern, Dixon, Dunbar, Kosower),

on-shell recursion (Britto, Cachazo, Feng, Witten)



five-point master integrals
using differential equations

planar non-planar

[Papadopoulos, Tommasini, Wever (2015)]

[Gehrmann, Henn, Lo Presti (2015)]
new! [Gehrmann, Henn, Lo Presti 1807.09812]

[Chicherin et al.1809.06240]

compact analytic expressions
using ‘pentagon function’ basis 

[Abreu et al.1807.11522]
[Boehm et al. 1805.01873]

new!

[Abreu et al. 1812.08941,1901.08563]
[Chicherin et al. 1812.11057, 1812.11160, 1901.05932]



five-point helicity amplitudes
combining of analytic integrals with analytic 

reduction to master integrals using finite field 
reconstruction methods

planar five-gluon single-minus [SB et al. 1811.11699]

non-planar five-gluon all-plus [SB et al. 1905.03733]

planar five-gluon MHV  [Abreu et al. 1812.04586]

planar five-parton MHV [Abreu et al. 1904.00945]

non-planar five-gluon N=4 [Abreu et al. 1812.08941, Chicherin et al. 1812.11057]

non-planar five-gluon N=8 [Chicherin et al. 1901.05932, Abreu et al. 1901.08563]

focus for this talk



computational strategy

integrand reduction
integration-by-parts

reduction

unitarity cuts

Laurent expansion of master integrals

subtract universal IR poles

 analytic reconstruction of
finite remainder

steps combined with 
numerical unitarity approach
[Gluza, Kadja, Kosower (2011)]

[Ita (2015)][Larsen Zhang 
(2015)][Kosower (2018)]
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integrand reduction
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(c) Heptabubble: G21111a6a711a10a11

Figure 1: Two-loop five-point master topologies. All external momenta are considered
out-going, arrows indicate loop momenta directions.

3.1 Integrand parametrisation

We define an integral family by a complete, minimal set of propagators and irreducible
scalar products (ISPs):

Ga1a2a3a4a5a6a7a8a9a10a11 =

Z
ddk1

i⇡d/2e�✏�E

ddk2
i⇡d/2e�✏�E

⇥
1

k2a11

1

(k1 � p1)2a2
1

(k1 � p1 � p2)2a3
1

(k1 + p4 + p5)2a4

⇥
1

k2a52

1

(k2 � p5)2a6
1

(k2 � p4 � p5)2a7
1

(k1 + k2)2a8

⇥
1

(k1 + p5)2a9
1

(k2 + p1)2a10
1

(k2 + p1 + p2)2a11
, (3.1)

where the exponents, ai, are integers and d = 4 � 2✏. The three master topologies, shown
in Figure 1, are

Pentabox: G11111111a9a10a11 (3.2)
Hexatriangle: G111111a711a10a11 (3.3)
Heptabubble: G21111a6a711a10a11 (3.4)

while propagators with unspecified exponents, aj , correspond to ISPs (i.e. aj  0).
All lower point topologies are obtained by systematically pinching the propagators of

the master topologies. Topologies with scaleless integrals are discarded since we work in
dimensional regularisation. Pinching of propagators from different master topologies can
lead to the same sub-topology. This happens in particular when all five cyclic permutations
of the external momenta are included. In these cases the assignment to a master topology
is not unique. The full set of 57 distinct topologies with a specific choice of master topology
assignment is shown in Figure 2.

We parametrise the integrand numerators by writing the most general polynomials in
the ISPs subject to a power counting constraint from renormalizability considerations. As

– 4 –

complete integrand is not reconstructed - 
numerical solution passed to next step (IBPs)

integrand basis formed from maximal cut topologies

(a) Topologies associated with the pentabox
master topology (top left), see (3.2).

(b) Topologies associated with the hexatri-
angle master topology (top left), see (3.3).

(c) Topologies associated with the heptabub-
ble master topology (top left), see (3.4).

(d) Topologies with divergent cuts that
must be computed simultaneously with sub-
topologies of the heptabubble master topol-
ogy in Figure 2c.

Figure 2: All distinct two-loop five-point topologies.

an example, the pentabox of Figure 1a has the numerator parametrisation,

�

 
k2

k1

1

2

34

5

!
=
X

c(1,1,1,1,1,1,1,1,a9,a10,a11)(k1 + p5)
�2a9(k2 + p1)

�2a10(k2 + p1 + p2)
�2a11

(3.5)

where the sum is truncated by the constraints on the exponents:

�5  a9  0, (3.6)
�4  a10 + a11  0, (3.7)
�7  a9 + a10 + a10  0. (3.8)

Each topology has 11 � n ISPs where n is the number of distinct propagators. The five
cyclic permutations of the external legs give a total of 425 irreducible numerators.

– 5 –

[Mastrolia, Ossola (2011)][SB, Frellesvig, Zhang (2012)]
[Zhang (2012)][Mastrolia, Mirabella, Ossola, Peraro (2012)]



integration-by-parts reduction
Laporta solution to system of IBP 

equations using finite field sampling

complete system is not reconstructed - 
numerical solution passed to next step

modular implementation into
FINITEFLOW C++ code (Peraro)



analytic integrals and IR poles
A(2) = I(2)A(0) + I(1)A(1) + finite

universal ε pole structure
e.g. [Catani (1998)], [Sterman, Tejeda-Yeomans (2003)]

[Becher,Neubert (2009)], [Gardi, Magnea (2009)]

higher order terms in ε needed

MIx =
X

y,z

✏ycxyzmxyz(f(W ))
alphabet of 31 letters

monomials of pentagon function 
integrals. Lin etc. and one-fold integrals
[Gehrmann, Henn, Lo Presti (2018)]

functions let us revisit eq. (5.16) as follows:

f3,4 �
2

3
d37,3 =

Z
1

0

dt @t logW26(t)

✓
W3

W5

,
W2

W15

�
(t)�


W5

W2

,
W3

W12

�
(t) � ⇣2

◆
+ cyclic

=

" Z
1

0

dt

Z t

0

dt0 @t logW26(t)

 
@t0 log

W2(t0)

W15(t0)
log

W3(t0)

W5(t0)
� (5.20)

@t0 log
W3(t0)

W12(t0)
log

W5(t0)

W2(t0)

!
� ⇣2

Z
1

0

dt @t logW26(t)

#
+ cyclic ,

where the dependence on the variable t assigned to the letters Wi and to the iterated-

integral functions indicates that all kinematic variables vi are parametrized as below eq.

(5.17). If we were to carry out this integration explicitly we would obtain the result

presented in eq. (5.17), where dilogarithms appear in the integrand. Alternatively, we can

exchange the order with which we integrate over the variables t and t0, obtaining

f3,4 �
2

3
d37,3 =

" Z
1

0

dt0
Z

1

t0
dt @t logW26(t)

 
@t0 log

W2(t0)

W15(t0)
log

W3(t0)

W5(t0)

� @t0 log
W3(t0)

W12(t0)
log

W5(t0)

W2(t0)

!
� ⇣2

Z
1

0

dt @t logW26(t)

#
+ cyclic

=

Z
1

0

dt

"
(logW26(1)� logW26(t))

 
@t log

W2(t)

W15(t)
log

W3(t)

W5(t)
(5.21)

� @t log
W3(t)

W12(t)
log

W5(t)

W2(t)

!
� @t logW26(t) ⇣2

#
+ cyclic .

Just as in [31], we coded up these one-fold integral representations and evaluated them

numerically. These routines have been implemented in a public code, as described in

section 8.

5.7 Integral basis in terms of pentagon functions

As a result of the classification of the previous sections, we can express the integrals appear-

ing in the di↵erential equations in terms of that function basis. Here, we give examples for

some of the integrals that have genuine five-particle kinematics. For I37 shown in Fig. 5(a),

we have

I37 =
3

2
f3,4 ✏

3 + (5.22)
"
bc37,4 +

1

20

⇣
f4,12 � 4f (1)

4,10 � 4f (2)

4,10 + 6f (3)

4,10 + 6f (4)

4,10 + 6f (5)

4,10

⌘
�

3

4
f3,4

⇣
2f (1)

1,1 + 2f (2)

1,1 + 3f (3)

1,1 + 3f (4)

1,1 + 3f (5)

1,1

⌘#
✏4 ,

– 21 –

I [6�2✏]

0

BB@

1

CCA / f3,4



analytic integrals and IR poles
A(2) = I(2)A(0) + I(1)A(1) + finite

direct construction of finite remainder from (6d) tree-level 
amplitudes via unitarity cuts, integrand 

reduction, IBP reductions and reconstruction of 
rational coefficients of the pentagon function basis

• performance depends on the complexity (polynomial 
order) of the rational functions in the final answer

• rational parametrisation of external kinematics from 
momentum twistors

• extremely effective when cancellations are explicit
• numerical sampling is easily parallelised



Applications 
Analytic helicity amplitudes for two-loop five-gluon 

scattering: the single-minus case 

[SB, Brønnum-Hansen, Hartanto, Peraro]

Analytic form of the full two-loop five-gluon  
all-plus helicity amplitude 

[SB, Chicherin, Gehrmann, Heinrich, Henn, Peraro, Wasser, Zhang, Zoia] 



single-minus finite remainders
4 Results

We present a compact form of the amplitude by making use of the symmetry (1, 2, 3, 4, 5) !

(1, 5, 4, 3, 2) and extracting an overall phase written in terms of spinor products,

F (L),[i]
�
1�g , 2

+
g , 3

+
g , 4

+
g , 5

+
g

�
=

[25]2

[12]h23ih34ih45i[51]

⇣
F (L),[i]
sym (1, 2, 3, 4, 5) + F (L),[i]

sym (1, 5, 4, 3, 2)
⌘
,

(4.1)
where L labels the loop order and i labels the component in the expansion around ds = 2.
The known result at one-loop can be written as:

F (1),[1]
sym (1, 2, 3, 4, 5) =

tr+(2315)2 tr+(1243)

3s225s23s34s15
�

tr+(2543)

6s34
, (4.2)

where tr+(ijkl) =
1
2 tr((1 + �5)/pi/pj/pk/pl) and sij = (pi + pj)2.

The finite parts of the two-loop amplitude can be written compactly in terms of weight
two functions, just as at one-loop. We therefore follow the same strategy as at one-loop
to find a basis of integral functions free of large cancellations due to spurious singularities.
We find that a convenient basis for the ds � 2 component of the amplitude is

F (2),[1]
sym (1, 2, 3, 4, 5) = c(2)51 F

(2)
box(s23, s34, s15) + c(1)51 F

(1)
box(s23, s34, s15) + c(0)51 F

(0)
box(s23, s34, s15)

+ c(2)34 F
(2)
box(s12, s15, s34) + c(1)34 F

(1)
box(s12, s15, s34) + c(0)34 F

(0)
box(s12, s15, s34)

+ c45F
(0)
box(s12, s23, s45) + c34;51L̂1(s34, s15) + c51;23L̂1(s15, s23) + crat,

(4.3)

and

F (2),[2]
sym (1, 2, 3, 4, 5) = d(3)34 F

(3)
box(s12, s15, s34) + d(2)34 F

(2)
box(s12, s15, s34)

+ d(3)34;51L̂3(s34, s15) + d(2)34;51L̂2(s34, s15)

+ d(3)51;23L̂3(s15, s23) + d(2)51;23L̂2(s15, s23) + drat, (4.4)

for the (ds � 2)2 amplitude.
The integral functions are written in terms of simple logarithms and di-logarithms. All

weight one functions appear as logarithms of ratios of kinematic invariants,

Lk(s, t) =
log(t/s)

(s� t)k
, (4.5)

where the singular behaviour is removed by defining,

L̂0(s, t) =L0(s, t), (4.6a)
L̂1(s, t) =L1(s, t), (4.6b)

L̂2(s, t) =L2(s, t) +
1

2(s� t)

✓
1

s
+

1

t

◆
, (4.6c)

L̂3(s, t) =L3(s, t) +
1

2(s� t)2

✓
1

s
+

1

t

◆
. (4.6d)
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SB, Brønnum-Hansen, Hartanto, Peraro [1811.11699] 

leading order 

exponent of ds-2 
where ds=gμμ

finite at one-loop:
compact expression [Bern Dixon Kosower (1993)]



single-minus finite remainders
• large cancellation between two-loop amplitude and universal poles
• only weight two functions remainI [6�2✏]

0

BB@

1

CCA / f3,4

ds � 2 exponent 0 1 2
integrand coe�cients ( 6= 0) 4387 14565 4420

sample points 3 2214 22886

in this example - the run time is fast and additional 
optimisation was unnecessary

one-loop squared 
- very fast

coefficients are found to be even simpler  
than this sampling suggests…
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4 Results

We present a compact form of the amplitude by making use of the symmetry (1, 2, 3, 4, 5) !
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At weight two all functions can be written in terms of the six-dimensional box function,
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where u(s, t,m2) = m2
� s� t.

These functions serve the same purpose as the Ls and L functions introduced by Bern,
Dixon, and Kosower in [66, 83]. The L̂i(s, t) are finite as s ! t and the F (i)

box(s, t,m
2) are

finite as s ! �t+m2. The definitions have been changed very slightly with respect to the
Ls and L functions since the singularities from the box functions at m2

� s� t have been
removed without introducing additional singularities in s�m2 or t�m2.

For the (ds � 2) amplitude the coefficients are:
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, (4.8c)
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single-minus finite remainders

compact 2-loop expressions - free of spurious singularities using one-loop-
type (weight 2) function basis (c.f. Bern, Dixon, Kosower (1993,1994))

simple rational 
coefficients using sij, tr+ 



analytic form of the full two-loop five-gluon  
all-plus helicity amplitude

compact analytic integrand
[SB, Mogull, Ochirov, 
O’Connell (2015)]

new: combined with new analytic master integrals and analytic 
reconstruction of the finite remainder

SB, Chicherin, Gehrmann, Heinrich, Henn, 
Peraro, Wasser, Zhang, Zoia [1905.03733]
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colour decomposition
for more details see

[Ochirov, Page (2016)]
integrand constructed using ‘multi-peripheral’ basis*
and exploiting BCJ† relations between unitarity cuts

* [Del Duca, Dixon, Maltoni (2000)]

†[Bern, Carrasco, Johansson (2008)]

2

The external momenta pi lie in four-dimensional
Minkowski space, We will encounter D�dimensional
Feynman integrals, with D = 4 � 2✏, and the loop mo-
menta therefore live in D dimensions. We keep the ex-
plicit dependence on the spin dimension Ds = gµµ of the
gluon, which enters the calculation via the integrand nu-
merator algebra. Results in the t’Hooft-Veltman [33] and
Four-Dimensional-Helicity [34] schemes can be obtained
by setting Ds = 4 � 2✏ and Ds = 4, respectively. We
denote  = (Ds � 2)/6.

Decomposition of the amplitude in terms of
color structures. We expand the unrenormalized am-
plitude in the coupling a = g2 e�✏ �E/(4⇡)2�✏ as

A5 = i g3
X

`�0

a` A(`)
5 . (4)

Due to the particular helicity-configuration, the ampli-
tude vanishes at tree-level [35, 36], and is hence finite at
one loop.

The amplitude is a vector in color space. Adopting
the conventions of Ref. [37], we decompose the one- and
two-loop amplitude as

A(1)
5 =

12X

�=1

Nc A
(1,0)
� T� +

22X

�=13

A(1,1)
� T� , (5)

A(2)
5 =

12X

�=1

⇣
N2

cA
(2,0)
� +A(2,2)

�

⌘
T� +

22X

�=13

NcA
(2,1)
� T� .

(6)

Here the {T�} consist of 12 single traces, � = 1, . . . , 12,
and 10 double traces, � = 13, . . . , 22. We have

T1 = Tr(12345)� Tr(15432) ,

T13 = Tr(12) [Tr(345)� Tr(543)] ,
(7)

where Tr(i1i2 ... in) ⌘ Tr(T ai1 ... T ain ) denotes the trace
of the generators T ai of the fundamental representation
of SU(Nc). The remaining color basis elements T� are
given by permutations of T1 and T13. For the explicit
expressions, see Eqs. (2.1) and (2.2) of [37].

The one-loop expression can be found in [4]. Here we
write it in a new form,

A(1,0)
1 =



5

X

ST1


[24]2

h13ih35ih51i + 2
[23]2

h14ih45ih51i

�
, (8)

up to O(✏) terms. The sum runs over the subset ST� of
permutations of the external legs that leave T� invariant.
All other terms in (5) follow from symmetry, and from
U(1) decoupling relations.

The new representation (8) makes a symmetry prop-
erty manifest. The basic rational object is invariant un-
der conformal transformations, which are defined as [38]

k↵↵̇ =
5X

i=1

@2

@�↵
i @�̃

↵̇
i

. (9)
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Figure 1. Two-loop five-particle Feynman integral topologies.

The property k↵↵̇A(1)
5 = O(✏) is obvious term by term

due to the form of the operator in Eq. (9).
In this Letter, we compute the full two-loop amplitude.

The leading color single trace terms A(2,0)
� were computed

in Refs. [17, 39]. Generalizations of the U(1) decoupling

relation imply that the most subleading color terms A(2,2)
�

can be obtained from the leading single trace A(2,0)
� and

the double trace terms A(2,1)
� [37]. We present explicitly

the result for the finite part of the double trace term

A(2,1)
13 . The other double trace terms can be obtained by

analytic continuation, as explained below.
Factorization and exponentiation of infrared di-

vergences. Infrared divergences (soft and collinear) in
loop amplitudes behave similarly to ultraviolet diver-
gences. They factorize in the following way,

A = Z Af . (10)

Here, the factor Z is a matrix in color space. It contains
all infrared divergences, in the sense that we can define
an infrared finite hard function according to

H = lim
✏!0

Af . (11)

For massless scattering amplitudes, Z is known to three
loops, see [40]. In the present case, the tree-level ampli-
tude vanishes, and we therefore need only the one-loop
part of the infrared matrix, Z = 1+ aZ(1), with

Z(1) = � e✏ �E

✏2 �(1� ✏)

5X

i 6=j

~Ti · ~Tj

✓
µ2

�sij

◆✏

, (12)

where µ is the dimensional regularization scale, and
~Ti = {Ta

i } are the generators of SU(Nc) in the adjoint
representation of gluon i, with Tb

i � T ai = �if baiciT ci .
We set µ = 1. The explicit dependence can be recovered
from dimensional analysis.
Two-loop integrand and finite field reduction to

uniform-weight master integrals. The starting point
of our calculation is the integrand presented in [32]. The
latter was obtained using modern generalized unitarity
techniques. It is given in terms of the integrals of the
type shown in Fig. 1 (and similar integrals corresponding
to subgraphs), with certain numerator factors. We begin
by rewriting scalar products of �2 ✏-dimensional compo-
nents of loop momenta in terms of Gram determinants,
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of the generators T ai of the fundamental representation
of SU(Nc). The remaining color basis elements T� are
given by permutations of T1 and T13. For the explicit
expressions, see Eqs. (2.1) and (2.2) of [37].

The one-loop expression can be found in [4]. Here we
write it in a new form,

A(1,0)
1 =



5

X

ST1


[24]2

h13ih35ih51i + 2
[23]2

h14ih45ih51i

�
, (8)

up to O(✏) terms. The sum runs over the subset ST� of
permutations of the external legs that leave T� invariant.
All other terms in (5) follow from symmetry, and from
U(1) decoupling relations.

The new representation (8) makes a symmetry prop-
erty manifest. The basic rational object is invariant un-
der conformal transformations, which are defined as [38]
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Figure 1. Two-loop five-particle Feynman integral topologies.

The property k↵↵̇A(1)
5 = O(✏) is obvious term by term

due to the form of the operator in Eq. (9).
In this Letter, we compute the full two-loop amplitude.

The leading color single trace terms A(2,0)
� were computed

in Refs. [17, 39]. Generalizations of the U(1) decoupling

relation imply that the most subleading color terms A(2,2)
�

can be obtained from the leading single trace A(2,0)
� and

the double trace terms A(2,1)
� [37]. We present explicitly

the result for the finite part of the double trace term

A(2,1)
13 . The other double trace terms can be obtained by

analytic continuation, as explained below.
Factorization and exponentiation of infrared di-

vergences. Infrared divergences (soft and collinear) in
loop amplitudes behave similarly to ultraviolet diver-
gences. They factorize in the following way,

A = Z Af . (10)

Here, the factor Z is a matrix in color space. It contains
all infrared divergences, in the sense that we can define
an infrared finite hard function according to

H = lim
✏!0

Af . (11)

For massless scattering amplitudes, Z is known to three
loops, see [40]. In the present case, the tree-level ampli-
tude vanishes, and we therefore need only the one-loop
part of the infrared matrix, Z = 1+ aZ(1), with
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where µ is the dimensional regularization scale, and
~Ti = {Ta

i } are the generators of SU(Nc) in the adjoint
representation of gluon i, with Tb

i � T ai = �if baiciT ci .
We set µ = 1. The explicit dependence can be recovered
from dimensional analysis.
Two-loop integrand and finite field reduction to

uniform-weight master integrals. The starting point
of our calculation is the integrand presented in [32]. The
latter was obtained using modern generalized unitarity
techniques. It is given in terms of the integrals of the
type shown in Fig. 1 (and similar integrals corresponding
to subgraphs), with certain numerator factors. We begin
by rewriting scalar products of �2 ✏-dimensional compo-
nents of loop momenta in terms of Gram determinants,

the integrated result has a compact 
representation in the trace basis

independent partial amplitude



master integral evaluation
2

The external momenta pi lie in four-dimensional
Minkowski space, We will encounter D�dimensional
Feynman integrals, with D = 4 � 2✏, and the loop mo-
menta therefore live in D dimensions. We keep the ex-
plicit dependence on the spin dimension Ds = gµµ of the
gluon, which enters the calculation via the integrand nu-
merator algebra. Results in the t’Hooft-Veltman [33] and
Four-Dimensional-Helicity [34] schemes can be obtained
by setting Ds = 4 � 2✏ and Ds = 4, respectively. We
denote  = (Ds � 2)/6.

Decomposition of the amplitude in terms of
color structures. We expand the unrenormalized am-
plitude in the coupling a = g2 e�✏ �E/(4⇡)2�✏ as

A5 = i g3
X

`�0

a` A(`)
5 . (4)

Due to the particular helicity-configuration, the ampli-
tude vanishes at tree-level [35, 36], and is hence finite at
one loop.

The amplitude is a vector in color space. Adopting
the conventions of Ref. [37], we decompose the one- and
two-loop amplitude as

A(1)
5 =

12X

�=1

Nc A
(1,0)
� T� +

22X

�=13

A(1,1)
� T� , (5)

A(2)
5 =

12X

�=1

⇣
N2

cA
(2,0)
� +A(2,2)

�

⌘
T� +

22X

�=13

NcA
(2,1)
� T� .

(6)

Here the {T�} consist of 12 single traces, � = 1, . . . , 12,
and 10 double traces, � = 13, . . . , 22. We have

T1 = Tr(12345)� Tr(15432) ,

T13 = Tr(12) [Tr(345)� Tr(543)] ,
(7)

where Tr(i1i2 ... in) ⌘ Tr(T ai1 ... T ain ) denotes the trace
of the generators T ai of the fundamental representation
of SU(Nc). The remaining color basis elements T� are
given by permutations of T1 and T13. For the explicit
expressions, see Eqs. (2.1) and (2.2) of [37].

The one-loop expression can be found in [4]. Here we
write it in a new form,

A(1,0)
1 =



5

X

ST1


[24]2

h13ih35ih51i + 2
[23]2

h14ih45ih51i

�
, (8)

up to O(✏) terms. The sum runs over the subset ST� of
permutations of the external legs that leave T� invariant.
All other terms in (5) follow from symmetry, and from
U(1) decoupling relations.

The new representation (8) makes a symmetry prop-
erty manifest. The basic rational object is invariant un-
der conformal transformations, which are defined as [38]

k↵↵̇ =
5X

i=1

@2

@�↵
i @�̃

↵̇
i

. (9)

1

2

3
4

5
(a) 1

2

3

4 5

(b) 1

2

5

4

3

(c)

Figure 1. Two-loop five-particle Feynman integral topologies.

The property k↵↵̇A(1)
5 = O(✏) is obvious term by term

due to the form of the operator in Eq. (9).
In this Letter, we compute the full two-loop amplitude.

The leading color single trace terms A(2,0)
� were computed

in Refs. [17, 39]. Generalizations of the U(1) decoupling

relation imply that the most subleading color terms A(2,2)
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can be obtained from the leading single trace A(2,0)
� and

the double trace terms A(2,1)
� [37]. We present explicitly

the result for the finite part of the double trace term

A(2,1)
13 . The other double trace terms can be obtained by

analytic continuation, as explained below.
Factorization and exponentiation of infrared di-

vergences. Infrared divergences (soft and collinear) in
loop amplitudes behave similarly to ultraviolet diver-
gences. They factorize in the following way,

A = Z Af . (10)

Here, the factor Z is a matrix in color space. It contains
all infrared divergences, in the sense that we can define
an infrared finite hard function according to

H = lim
✏!0

Af . (11)

For massless scattering amplitudes, Z is known to three
loops, see [40]. In the present case, the tree-level ampli-
tude vanishes, and we therefore need only the one-loop
part of the infrared matrix, Z = 1+ aZ(1), with
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where µ is the dimensional regularization scale, and
~Ti = {Ta

i } are the generators of SU(Nc) in the adjoint
representation of gluon i, with Tb

i � T ai = �if baiciT ci .
We set µ = 1. The explicit dependence can be recovered
from dimensional analysis.
Two-loop integrand and finite field reduction to

uniform-weight master integrals. The starting point
of our calculation is the integrand presented in [32]. The
latter was obtained using modern generalized unitarity
techniques. It is given in terms of the integrals of the
type shown in Fig. 1 (and similar integrals corresponding
to subgraphs), with certain numerator factors. We begin
by rewriting scalar products of �2 ✏-dimensional compo-
nents of loop momenta in terms of Gram determinants,

evaluation of all master integrals in the region

IPPP/19/37, MITP/19-031, MPP-2019-88, USTC-ICTS-19-12, ZU-TH 23/19

Analytic form of the full two-loop five-gluon all-plus helicity amplitude

S. Badgera, D. Chicherinb, T. Gehrmannc, G. Heinrichb, J. M. Hennb, T. Peraroc, P. Wasserd, Y. Zhangb,e, S. Zoiab
a
Institute for Particle Physics Phenomenology, Durham University, Durham DH1 3LE, United Kingdom

b
Max-Planck-Institut für Physik, Werner-Heisenberg-Institut, D-80805 München, Germany

c
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We compute the full-color two-loop five-gluon amplitude for the all-plus helicity configuration. We
verify the expected divergence structure, and extract the finite hard function. We further validate
our result by verifying the expected factorization properties in the collinear limit. Our result is fully
analytic and valid in the physical scattering region. We express it in a compact form containing
logarithms, dilogarithms and rational functions.

PACS numbers: 12.38Bx

The abundant amount of data to be collected by the
ATLAS and CMS collaborations in future runs of the
Large Hadron Collider at CERN opens up a new era of
precision physics. Some of the most prominent preci-
sion observables are related to three-jet production [1, 2],
which allows in-depth studies of the strong interaction
up to the highest energy scales, including precision mea-
surements of the QCD coupling constant ↵s and its scale
evolution. The physics exploitation of these precision
data requires highly accurate theory predictions, which
are obtained through the computation of higher orders
in perturbation theory. Second-order corrections (next-
to-next-to-leading order, NNLO) were computed recently
for many two-to-two scattering processes, including two-
jet production [3]. A comparable level of theoretical ac-
curacy could up to now not be obtained for genuine two-
to-three processes, especially since the relevant matrix
elements for processes involving five external partons in-
cluding full colour are known only up to one loop [4–6].

The evaluation of these two-loop five parton matrix el-
ements faces two types of challenges: to relate the large
number of two-loop integrands to a smaller number of
master integrals, and to compute these master integrals
(two-loop five-point functions). Important progress was
made most recently on both issues, with the develop-
ment and application of e�cient integral reduction tech-
niques, either analytical [7–14] or semi-numerical [15, 16],
as well as with the computation of the two-loop five-point
functions for planar [17–19] and non-planar [20, 21] inte-
gral topologies. The latter developments already have led
to first results for two-loop five-point amplitudes in su-
persymmetric Yang-Mills theory [22, 23] and supergrav-
ity [24, 25].

The recent progress enabled the computation of the
full set of the leading-color two-loop corrections to the
five-parton amplitudes, represented in a semi-numerical
form [10, 26–28]. These results are establishing the tech-
nical methodology, their evaluation is however too ine�-
cient for practical use in the computation of collider cross
sections. Towards this aim, analytic results are prefer-

able, which were obtained so far only at leading color
for the five-parton amplitudes [17, 29–31]. Besides the
more e�cient numerical evaluation, these results also al-
low for detailed investigations of the limiting behavior in
kinematical limits, thereby elucidating the analytic prop-
erties of scattering in QCD.
The leading-color corrections consist only of planar

Feynman diagrams. At subleading color level, non-planar
diagrams and integrals contribute as well, leading to a
considerable increase in complexity, both in the reduc-
tion of the integrand and in the evaluation of the master
integrals. In this Letter, we make the first step towards
the fully analytic evaluation of two-loop five-point am-
plitudes, by exploiting the recently derived non-planar
two-loop five-point master integrals [20, 21] to obtain an
analytic expression for the two-loop five-gluon amplitude
with all-plus helicities [32].
Kinematics. We study the scattering of five massless

gluons in the all-plus helicity configuration. The corre-
sponding amplitude has a complete permutation symme-
try under exchange of external gluons. The five light-
like momenta pi are subject to on-shell and momentum
conservation conditions, p2i = 0, and

P5
i=1 pi = 0, re-

spectively. They give rise to the following independent
parity-even Lorentz invariants

X = {s12 , s23 , s34 , s45 , s15} , (1)

with sij = 2 pi · pj , as well as to the parity-odd invariant
✏5 = tr(�5/p1/p2/p3/p4). The latter is related to the Gram

determinant � = det(sij |4i,j=1) through ✏25 = �.
Without loss of generality, we take the kinematics to

lie in the s12 scattering region. The latter is defined by
all s-channel invariants being positive, i.e.

s12 > 0 , s34 > 0 , s35 > 0 , s45 > 0 , (2)

and t-channel ones being negative, i.e.

s1j < 0 , s2j < 0 , for j = 3, 4, 5 , (3)

as well as by the requirement that the particle momenta
are real, which implies � < 0.
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surements of the QCD coupling constant ↵s and its scale
evolution. The physics exploitation of these precision
data requires highly accurate theory predictions, which
are obtained through the computation of higher orders
in perturbation theory. Second-order corrections (next-
to-next-to-leading order, NNLO) were computed recently
for many two-to-two scattering processes, including two-
jet production [3]. A comparable level of theoretical ac-
curacy could up to now not be obtained for genuine two-
to-three processes, especially since the relevant matrix
elements for processes involving five external partons in-
cluding full colour are known only up to one loop [4–6].

The evaluation of these two-loop five parton matrix el-
ements faces two types of challenges: to relate the large
number of two-loop integrands to a smaller number of
master integrals, and to compute these master integrals
(two-loop five-point functions). Important progress was
made most recently on both issues, with the develop-
ment and application of e�cient integral reduction tech-
niques, either analytical [7–14] or semi-numerical [15, 16],
as well as with the computation of the two-loop five-point
functions for planar [17–19] and non-planar [20, 21] inte-
gral topologies. The latter developments already have led
to first results for two-loop five-point amplitudes in su-
persymmetric Yang-Mills theory [22, 23] and supergrav-
ity [24, 25].

The recent progress enabled the computation of the
full set of the leading-color two-loop corrections to the
five-parton amplitudes, represented in a semi-numerical
form [10, 26–28]. These results are establishing the tech-
nical methodology, their evaluation is however too ine�-
cient for practical use in the computation of collider cross
sections. Towards this aim, analytic results are prefer-

able, which were obtained so far only at leading color
for the five-parton amplitudes [17, 29–31]. Besides the
more e�cient numerical evaluation, these results also al-
low for detailed investigations of the limiting behavior in
kinematical limits, thereby elucidating the analytic prop-
erties of scattering in QCD.
The leading-color corrections consist only of planar

Feynman diagrams. At subleading color level, non-planar
diagrams and integrals contribute as well, leading to a
considerable increase in complexity, both in the reduc-
tion of the integrand and in the evaluation of the master
integrals. In this Letter, we make the first step towards
the fully analytic evaluation of two-loop five-point am-
plitudes, by exploiting the recently derived non-planar
two-loop five-point master integrals [20, 21] to obtain an
analytic expression for the two-loop five-gluon amplitude
with all-plus helicities [32].
Kinematics. We study the scattering of five massless

gluons in the all-plus helicity configuration. The corre-
sponding amplitude has a complete permutation symme-
try under exchange of external gluons. The five light-
like momenta pi are subject to on-shell and momentum
conservation conditions, p2i = 0, and

P5
i=1 pi = 0, re-

spectively. They give rise to the following independent
parity-even Lorentz invariants

X = {s12 , s23 , s34 , s45 , s15} , (1)

with sij = 2 pi · pj , as well as to the parity-odd invariant
✏5 = tr(�5/p1/p2/p3/p4). The latter is related to the Gram

determinant � = det(sij |4i,j=1) through ✏25 = �.
Without loss of generality, we take the kinematics to

lie in the s12 scattering region. The latter is defined by
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and t-channel ones being negative, i.e.

s1j < 0 , s2j < 0 , for j = 3, 4, 5 , (3)

as well as by the requirement that the particle momenta
are real, which implies � < 0.analytic evaluation of boundary values

3

see e.g. [21]. In this way, one obtains numerators with
up to degree five for the eight-propagator integrals shown
in Fig. 1, as well as some of degree six for the one-loop
squared sectors. This is significantly higher as compared
to the previous calculations in N = 4 super Yang-Mills
[21–23] and N = 8 supergravity [24, 25], where numera-
tors of up to degree one and two were required, respec-
tively.

We set up a system of integration by parts (IBP) iden-
tities with the help of LiteRed [41]. The task is to
reduce the IBP system to a minimal required set of re-
duction identities. This is a di�cult problem, and to
solve it we profit from novel finite field and functional
reconstruction techniques [7, 9]. To do this, we solve the
system, modulo prime integers, for numerical (rational)
values of ✏ and of the kinematic invariants sij , using a
custom linear solver for sparse systems. In doing so, we
use a basis of dlog [21, 42–44] master integrals as pre-
ferred integrals during the solution. We then reconstruct
the analytic results from these numerical evaluations us-
ing a multivariate reconstruction algorithm, based on the
one described in Ref. [9]. The calculation is further sig-
nificantly simplified by reconstructing reduction tables
only for the relevant combinations of integrals appearing
in the representation of the amplitude.

Analytic results for master integrals in the s12
scattering region. In previous work, the planar master
integrals shown in Fig. 1(a) were computed in all kine-
matic scattering regions [17–19]; the master integrals of
Fig. 1(b) and Fig. 1(c) were computed in one kinematic
region only.

Since the integrals enter the amplitude in all di↵er-
ent permutations of the external legs, we need to know
them in several kinematic regions. In principle, the an-
swer in di↵erent kinematic regions can be obtained via
analytic continuation, see [19, 45]. Here we adopt a di↵er-
ent strategy: we consider all permutations of all required
master integrals, together with the di↵erential equations
they satisfy, and compute them directly in the s12 chan-
nel. Taking the permutations of the di↵erential equations
is unambiguous, as the di↵erential matrices are rational
functions of the kinematics. In order to streamline the
calculation, we also identify relations between integrals
with permuted external legs. In this way, we do not need
to continue the functions analytically. This workflow is
also less error-prone, as all steps are completely auto-
matic.

The integrals depend on the kinematic variables X.
The dlog master integrals ~f of each family satisfy a dif-
ferential equation of the form [43]

@X ~f(X, ✏) = ✏ @X

"
31X

i=1

ai logWi(X)

#
~f(X, ✏) , (13)

where ai are constant matrices, and Wi(X) are letters of
the so-called pentagon alphabet [46], algebraic functions

of the kinematic variables X encoding the branch cut
structure of the solution. The matrices ai are peculiar to
the family and to the precise choice of basis ~f , but the
set of letters {Wi} is the same for all massless two-loop
five-particle integrals.
Solving the di↵erential equations requires a boundary

point. We choose

X0 = {3,�1, 1, 1,�1} . (14)

This point lies in the s12 scattering region, and is sym-
metric under p1 $ p2, or any permutation of {p3, p4, p5}.
We fix the boundary values analytically by requiring the
absence of unphysical singularities. See Refs. [19, 20, 45]
for a more detailed discussion. In this way, all boundary
values are related to a few simple integrals. The latter
are found in the literature [47, 48].
We verify the boundary values numerically for two per-

mutations of the integrals of Fig. 1(c), and for some inte-
grals of Fig. 1(b). This is done by computing all master
integrals numerically, using pySecDec [49, 50], at the
symmetric point X0. We find it convenient to do this for
an integral basis in D = 6 � 2✏ dimensions. Moreover,
we check the boundary values of the planar integrals of
Fig. 1(a) against the program provided with Ref. [19].
We expand the solution to (13) in ✏ up to order ✏4,

corresponding to weight four functions. The latter are
expressed in terms of Chen iterated integrals. We adopt
the same notation as in Ref. [19], and write the iterated
integrals as

[Wi1 , . . . ,Win ]X0(X) =

Z

�
d logWin(X

0)

⇥ [Wi1 , . . . ,Win�1 ]X0(X
0) , (15)

where the integration path � connects the boundary
point X0 to X. In the following we do not show explicitly
the dependence on the kinematic point X.

In order to have a common notation, we rewrite the
Z factor, as well as all other ingredients to the hard
function, in the same iterated integral notation. In this
way, we analytically perform simplifications for the hard
function at the level of iterated integrals. Remarkably,
as observed previously for the planar case, we find that
all weight three and four pieces cancel out. Therefore
we only need iterated integrals up to weight two. We
rewrite them in terms of logarithms and dilogarithms.
For example,

[W1]X0 = log (s12/3) , (16)

[W5/W2,W12/W2]X0 = �Li2 (1� s15/s23) . (17)

Note that all functions are manifestly real-valued in the
s12-channel. As a consequence, imaginary parts can only
appear explicitly through the boundary values.

The analytic integrand expression, the IBP reductions,
the ✏-expansion of the master integrals in terms of iter-
ated integrals, as well as the infrared subtraction, are

verified with numerically with pySecDec
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cient for practical use in the computation of collider cross
sections. Towards this aim, analytic results are prefer-

able, which were obtained so far only at leading color
for the five-parton amplitudes [17, 29–31]. Besides the
more e�cient numerical evaluation, these results also al-
low for detailed investigations of the limiting behavior in
kinematical limits, thereby elucidating the analytic prop-
erties of scattering in QCD.
The leading-color corrections consist only of planar

Feynman diagrams. At subleading color level, non-planar
diagrams and integrals contribute as well, leading to a
considerable increase in complexity, both in the reduc-
tion of the integrand and in the evaluation of the master
integrals. In this Letter, we make the first step towards
the fully analytic evaluation of two-loop five-point am-
plitudes, by exploiting the recently derived non-planar
two-loop five-point master integrals [20, 21] to obtain an
analytic expression for the two-loop five-gluon amplitude
with all-plus helicities [32].
Kinematics. We study the scattering of five massless

gluons in the all-plus helicity configuration. The corre-
sponding amplitude has a complete permutation symme-
try under exchange of external gluons. The five light-
like momenta pi are subject to on-shell and momentum
conservation conditions, p2i = 0, and

P5
i=1 pi = 0, re-

spectively. They give rise to the following independent
parity-even Lorentz invariants

X = {s12 , s23 , s34 , s45 , s15} , (1)

with sij = 2 pi · pj , as well as to the parity-odd invariant
✏5 = tr(�5/p1/p2/p3/p4). The latter is related to the Gram

determinant � = det(sij |4i,j=1) through ✏25 = �.
Without loss of generality, we take the kinematics to

lie in the s12 scattering region. The latter is defined by
all s-channel invariants being positive, i.e.

s12 > 0 , s34 > 0 , s35 > 0 , s45 > 0 , (2)

and t-channel ones being negative, i.e.

s1j < 0 , s2j < 0 , for j = 3, 4, 5 , (3)

as well as by the requirement that the particle momenta
are real, which implies � < 0.



finite remainders

2

The external momenta pi lie in four-dimensional
Minkowski space, We will encounter D�dimensional
Feynman integrals, with D = 4 � 2✏, and the loop mo-
menta therefore live in D dimensions. We keep the ex-
plicit dependence on the spin dimension Ds = gµµ of the
gluon, which enters the calculation via the integrand nu-
merator algebra. Results in the t’Hooft-Veltman [33] and
Four-Dimensional-Helicity [34] schemes can be obtained
by setting Ds = 4 � 2✏ and Ds = 4, respectively. We
denote  = (Ds � 2)/6.

Decomposition of the amplitude in terms of
color structures. We expand the unrenormalized am-
plitude in the coupling a = g2 e�✏ �E/(4⇡)2�✏ as

A5 = i g3
X

`�0

a` A(`)
5 . (4)

Due to the particular helicity-configuration, the ampli-
tude vanishes at tree-level [35, 36], and is hence finite at
one loop.

The amplitude is a vector in color space. Adopting
the conventions of Ref. [37], we decompose the one- and
two-loop amplitude as

A(1)
5 =

12X

�=1

Nc A
(1,0)
� T� +

22X

�=13

A(1,1)
� T� , (5)

A(2)
5 =

12X

�=1

⇣
N2

cA
(2,0)
� +A(2,2)

�

⌘
T� +

22X

�=13

NcA
(2,1)
� T� .

(6)

Here the {T�} consist of 12 single traces, � = 1, . . . , 12,
and 10 double traces, � = 13, . . . , 22. We have

T1 = Tr(12345)� Tr(15432) ,

T13 = Tr(12) [Tr(345)� Tr(543)] ,
(7)

where Tr(i1i2 ... in) ⌘ Tr(T ai1 ... T ain ) denotes the trace
of the generators T ai of the fundamental representation
of SU(Nc). The remaining color basis elements T� are
given by permutations of T1 and T13. For the explicit
expressions, see Eqs. (2.1) and (2.2) of [37].

The one-loop expression can be found in [4]. Here we
write it in a new form,

A(1,0)
1 =



5

X

ST1


[24]2

h13ih35ih51i + 2
[23]2

h14ih45ih51i

�
, (8)

up to O(✏) terms. The sum runs over the subset ST� of
permutations of the external legs that leave T� invariant.
All other terms in (5) follow from symmetry, and from
U(1) decoupling relations.

The new representation (8) makes a symmetry prop-
erty manifest. The basic rational object is invariant un-
der conformal transformations, which are defined as [38]

k↵↵̇ =
5X

i=1

@2

@�↵
i @�̃

↵̇
i

. (9)
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Figure 1. Two-loop five-particle Feynman integral topologies.

The property k↵↵̇A(1)
5 = O(✏) is obvious term by term

due to the form of the operator in Eq. (9).
In this Letter, we compute the full two-loop amplitude.

The leading color single trace terms A(2,0)
� were computed

in Refs. [17, 39]. Generalizations of the U(1) decoupling

relation imply that the most subleading color terms A(2,2)
�

can be obtained from the leading single trace A(2,0)
� and

the double trace terms A(2,1)
� [37]. We present explicitly

the result for the finite part of the double trace term

A(2,1)
13 . The other double trace terms can be obtained by

analytic continuation, as explained below.
Factorization and exponentiation of infrared di-

vergences. Infrared divergences (soft and collinear) in
loop amplitudes behave similarly to ultraviolet diver-
gences. They factorize in the following way,

A = Z Af . (10)

Here, the factor Z is a matrix in color space. It contains
all infrared divergences, in the sense that we can define
an infrared finite hard function according to

H = lim
✏!0

Af . (11)

For massless scattering amplitudes, Z is known to three
loops, see [40]. In the present case, the tree-level ampli-
tude vanishes, and we therefore need only the one-loop
part of the infrared matrix, Z = 1+ aZ(1), with

Z(1) = � e✏ �E

✏2 �(1� ✏)

5X

i 6=j

~Ti · ~Tj

✓
µ2

�sij

◆✏

, (12)

where µ is the dimensional regularization scale, and
~Ti = {Ta

i } are the generators of SU(Nc) in the adjoint
representation of gluon i, with Tb

i � T ai = �if baiciT ci .
We set µ = 1. The explicit dependence can be recovered
from dimensional analysis.
Two-loop integrand and finite field reduction to

uniform-weight master integrals. The starting point
of our calculation is the integrand presented in [32]. The
latter was obtained using modern generalized unitarity
techniques. It is given in terms of the integrals of the
type shown in Fig. 1 (and similar integrals corresponding
to subgraphs), with certain numerator factors. We begin
by rewriting scalar products of �2 ✏-dimensional compo-
nents of loop momenta in terms of Gram determinants,
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type shown in Fig. 1 (and similar integrals corresponding
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by rewriting scalar products of �2 ✏-dimensional compo-
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combined numerically using finite fields. From this we
reconstruct analytically the hard function.

At this stage, we make a remarkable observation: all
dilogarithms and logarithms, as well as all imaginary
parts, can be absorbed into (the finite part of) one-mass
box functions, which are defined as

I123;45 = Li2 (1� s12/s45) + Li2 (1� s23/s45)

+ log2 (s12/s23) + ⇡2/6 . (18)

Considering all permutations of external momenta pro-
vides 30 independent functions. The analytic continua-
tion of the latter to the physical scattering region is sim-
ply achieved by adding a small imaginary part to each
two-particle Mandelstam invariant, sij ! sij + i0. This

generates correctly all imaginary parts in the amplitude.
Analytic result for the hard function. We express

the hard function in the same coupling expansion (4)
and color decomposition (6) as the amplitude. It can be
written in terms of just two color components,

H(2) =
X

S5/ST1

T1 H(2)
1 +

X

S5/ST13

T13 H(2)
13 , (19)

where each sum runs over the 5! permutations of the
external legs, S5, modulo the subset ST� of permutations

that leave T�, and thus H(2)
� , invariant.

Since the most sub-leading color components H(2,2)
�

can be obtained from the planar H(2,0)
� and double trace

H(2,1)
� ones through color relations [37], we present ex-

plicitly here only the latter:

H(2,0)
1 =

X

ST1

(
�

[45]2

h12ih23ih31i I123;45 + 2 1

h12ih23ih34ih45ih51i


5 s12s23 + s12s34 +

tr2+(1245)

s12s45

�)
, (20)

H(2,1)
13 =

X

ST13

(


[15]2

h23ih34ih42i


I234;15 + I243;15 � I324;15 � 4 I345;12 � 4 I354;12 � 4 I435;12

�

� 62


s23 tr�(1345)

s34 h12ih23ih34ih45ih51i
� 3

2

[12]2

h34ih45ih53i

�)
, (21)

where I was defined in Eq. (18), and tr±(ijkl) :=
1
2 tr[(1± �5)/pi/pj/pk/pl].

The planar component (20) is in agreement with the
previous result in the literature [17]. The non-planar
one (21) is entirely new. Remarkably, it exhibits the same
striking simplicity: all functions of weight one, three, and
four cancel out, and the remaining weight-two ones can
all be expressed as permutations of the one-mass box
function. While the calculation was performed in the s12
scattering region, the above formula can be analytically
continued to any other region by the i0 prescription men-
tioned above.

Note that the rational factors multiplying the transcen-
dental part of the hard function (20), (21) are permuta-
tions of one object that appeared already in the one-loop
amplitude (8). Remarkably, this object is conformally in-
variant. Moreover, the weight-two functions accompany-
ing it are also governed by conformal symmetry. The lat-
ter manifests itself through anomalous conformal Ward
identities [51–53].

Verification of correct collinear factorization. In
the limit where particles 1 and 2 are collinear, the full

color five-gluon amplitude factorizes as follows:

A(2)(1+, 2+, 3+, 4+, 5+)
1||2!

A(2)(P+, 3+, 4+, 5+) Split(0)(�P�; 1+, 2+)

+A(1)(P+, 3+, 4+, 5+) Split(1)(�P�; 1+, 2+)

+A(1)(P�, 3+, 4+, 5+) Split(1)(�P+; 1+, 2+) , (22)

where the sum goes over the color index of the gluon
labelled by ‘P ’. After inserting expressions for the split-
ting amplitudes Split(`) [54–57] and four-gluon ampli-
tudes [58, 59], we rewrite the collinear limit in terms of
the trace decomposition (6).
We verified the limits 1||2, 2||3 and 3||4 of the double

trace term T13. It vanishes in the first two limits but has
a non-trivial structure in the 3||4 limit. We find perfect
agreement.
Discussion and outlook. In this Letter, we com-

puted analytically, for the first time, all integrals needed
for two-loop massless five-particle scattering amplitudes
in the physical scattering region. This required com-
puting the master integrals in all permutations of exter-
nal legs, including their boundary values, in the physical
scattering region.

conformally invariant building block

• cancellation of all weight 1,3 and 4 functions
• verified in all collinear limits
• weight 2 described by box function



outlook

• numerical algorithms and finite field arithmetic can provide powerful tools 
for analytic amplitude computations

• traditional bottlenecks can be avoided by direct reconstruction of on-shell 
physical quantities (e.g. finite remainders)

• surge of progress on two-loop amplitudes! major challenge to combine 
amplitudes into physical cross sections at NNLO 


