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Outline

LIGO/Virgo’s detection of gravitational
waves has opened up new exciting
possibilities for testing general relativity

Test of general relativity in regime of strong
gravity probed by merging black holes

Urgent need for computational methods from
which physical parameters can be extracted.

Marriage of on-shell amplitude technology and
general relativity computations seems ideal!

Scattering Amplitudes and Results in General Relativity



Outline

Viewpoint: General Relativity as a
perturbative effective (quantum) field theory

New on-shell
toolbox for
gravity

Computaiiug New techniques for

computation of
physical
observables In
general relativity
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Traditional quantization of
gravity

Known since the 1960ties that a particle version of
General Relativity can be derived from the Einstein

Hilbert Lagrangian (Feynman, DeWitt)
Expand Einstein-Hilbert Lagrangian :

Ly = /d%[ﬁR} Guv = Nuw + Khy

Derive vertices as in a particle theory - compute
amplitudes as Feynman diagrams!
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Quantum theory for gravity

Gravity as a QF T-theory with self-interactions

Non-renormalisable theory! (‘t Hooft and Veltman)

Dimensionful
coupling:
GIN:]-/szlanck

Traditional belief : — no known symmetry
can remove all UV-divergences

String theory can by introducing new
length scales
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Quantum gravity as an
effective field theory

(Weinberg) proposed to generalize the quantization
of general relativity from the viewpoint of effective
field theory

. — 2R
L = —g [F + L'mat.ter]

. 2R .
L — \/—g{? +C1R2 —i—CQR#VRMV —I— .. }
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Effective field theory for
gravity

Consistent quantization:

Today’s viewpoint: a working perturbative low
energy version of quantum gravity (No
contradiction with ‘string-theory’.)

Applications:

General relativity: classical limit of the EFT
perturbative expansion!

Quantum gravity: unique low energy signatures
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Einstein’s theory as an EFT

Suggest general relativity augmented by higher
derivative operators - the most general
modified theory

e Similar to the Standard Model - also expectation of
higher derivative corrections.

® Tiny consequences for most observables - curvature
Is really small.

® |nteresting to probe connections between observed
bounds and theoretical predictions
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Loop results for gravity

The one-loop four point amplitude can be deduced to
take the form

: 1 . : 1
M ~ (A +Bg*+ ...+ Q’I{.4? + Bk In(—¢?) + Bok? = + .. )
—q

Focus on deriving these ~>
Short range behaviour ~ Non-analytic long-range behavior
polynomials (one-loop ~ no higher derivative
contributions)

(Donoghue; NEJB, Donoghue, Holstein)
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One-loop result for gravity

The result for the amplitude (in coordinate space)
after summing all diagrams is (leading in small
momentum transfer contribution): (Ness, Donoghue, Holstein)

_Gmlmg 1_{_3(;’(772,1 + m2) N 41 Qh
r r 107 72

Post-Newtonian New quantum
term term

Post-Newtonian term in complete accordance with
general relativity after Born subtraction: (Iwasaki,
Holstein and Ross, Neill and Rothstein, NEJB,
Damgaard, Festuccia, Plante, Vanhove)
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Effective fi

eld theory for

gravity

Consequence: Cl
loop diagrams!

Explanation: pro
masses In loop ¢
cancellations of

assical theory from

pagators involving
lagrams features

nbar factors.

(see e.g. Donoghue, Holstein)
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Classical contributions from
perturbative computations

In classical gravity the long-distance terms that are
related to the post-Newtonian effects are triangle

diagrams (at one-loop)

771% ~ m/\/—q?

Such contributions have cancellations of / and
lead to purely classical terms
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General relativity from loops

New derivation

/ d*¢ 1 1 1
(27)% 02 + ie (£ + q)? + i€ (L + p1)? — m? + ie

(0 +p1)? —m3 =12+ 20-py ~ 2m 4

1 / d* 1 1
2mq ) (2m)*02% 4+ 1€ (0 + q)? + e by + i€
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General relativity from loops

1 / d*/ 1 1 1
2my ) (2m)*02% 4+ i€ (0 + q)? + i€ by + i€

Close contour

—

/ 30 i 1 1 B ?
dem T2 AM P2 (04 )2 32m|q
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Interpretation

- Integration of classical

sources on
37
/(j ?3% _ ! ~ tree graphs
)3 02 (¢
(£+4) — no loops!

| higher |
Picture extends to higher loops Explains the metric

computation by

(Duff)
[l>r>(1)(p1-, q), I[>|>(2)(Pla q) <

(NEJB, Damgaard, Festuccia, Plante, Vanhove)
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Off-shell gravity amplitudes

Vertices: 3pt, 4pt, 5pt,..n-pt
Complicated expressions

Expand Lagrangian, tedious process....

1 1
Vu(z?yﬁ,gfy(kla kQa k3) — RSyIll| — §P3<k1 ) 'Zf2 77#04771/67707) - §P6(k11/k1577ua770’y>
1
45 + §P3(]<71 < ko Nuwnapey) + Po(kr - k2 Nuanvonsy) + 2Ps (k1 kiyMuanses)
te r mS o P3<klﬁk2u77auna’y> + P3<k10k2777w/77a5> + P6<klak17n/w77aﬁ>

+ Sym + 2P6<kluk2’ynﬁ,u77ao') + 2P3(]€1uk72m75077w> - 2P3(/f1 -+ ki Uaunﬁanwﬂ ;

(DeWitt;Sannan)
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Computation of perturbative
amplitudes

# Feynman diagrams: Sum over topological

Factorial Growth! different diagrams
\

Generic Feynman amplitude

/

Complex expressions involving e.g.
(Pi* Py) (no manifest symmetry
(Pis €D (g€ ) or simplifications)
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Amplitudes

Specifying external Colour ordering
polarisation te{sors (€,+€ ) :\ 3 /

/Simplifications
Recursion /’ /’
Spinor-helicity Loop amplitudes: Inspiration

formalism (Unitarity, from

Supersymmetric ©tring theory
Scattering Amplitudes and Results in Gendl@e@tQm pOS I t I O n) ]_ 8
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String theory

String theory given us lots of ideas..

Fact: Using (weak) string theory as a
way to learn more about field theory
IS extremely useful..

Scattering Amplitudes and Results in General Relativity
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Key: String theory inspiration

Different form for amplitude

String Feynman
theory diagrams
adds <-> sSuUms
Channels separate
kinematic
poles

@ >w—<} Yl

Scattering Amplitudes and Results in General Relativity



Squaring relation for gravity

Gravity from (Yang-Mills)? (Kawai, Lewellen,Tye)

Natural from the
decomposition of
closed strings
Into open.

Gives a smart way
to recycle Yang-Mills
results into gravity results..

(Bern, Dixon, Perelstein, Rozowsky)
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Key: on-shell states formalism

Spinor products :

.. . ] o o e, o~
| | (ijy=€""A Ay [ij]= em”)uf,,;l)x,{l
Different representations of

the Lorentz group Paa = Ugapu
PP =0 Paa = AaAa

Momentum parts of amplitudes:

Qua=Mafla Paa = Aara 2(p-q) = sij = —(\, )\, fi]

Spin-2 polarisation tensors in terms of helicities, Xu. 7h
(squares of those of YM): ( lCJ),hanZ;]g,

~

o= — Aaﬂa ot ,LLa)\a E £

aa ~ Y ~ E . =
A STy st st
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Miracles of MHV-amplitudes

(n) same helicities vanishes

Atree(1+ 2+ 3+ 4+ ) =0 First non-trivial
o | example,
(n-1) same helicities vanishes (M)aximally
Atree(1+ 2+ ..,i,..) =0 (H)elicity (V)iolating

(MHV) amplitudes

(n-2) same helicities:

Atree(1+.2+ .1 ... K ,..) One single term!!
Atree MHV Given by the formula \ . <] k>4
(Parke and Taylor) and proven l

by (Berends and Giele <1 2> <2 3) Co (I/l 1)
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Simplifications from
Spinor-Helicity

si; = —(0 )N, ] Huge simplifications
(3) | ™ 1
Voo (B, ko, kiz) = %Sym{ - §P3(/f1 - ko Nyauaoy) — §P6(k1uklﬁ77ua77m) 45
+ %Pz(kl k2 M Napnoy) + Po(k1 - k2 Nuanuotpy) + 285 (k1w kiyuanpo) terms
— Py(k1gkounantoy) + Ps(kiokoymuas) + Po(kiokiyluwnas) +sym
+ 2B (k1wkoympunac) + 2P (ki kounsetya) — 2Ps(ky - ke naymaanw)} : \

Vanish in spinor helicity formalism
Gravity:  A3(17,27,3%)

Contractions

e e~ !
_ - (12)°
. — E . - _ _
a BN VY gt &t 23y (31)
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Gravity MHV amplitudes

Can be generated from KLT via YM MHV amplitudes.

12— Anti holomorphic
<3 4> N(4) Contributions

Mgree(l—’2—73+’4—l—, 5+) =i (1 2>8 5(1]»\]2(753)74)/'— feature in gravity

Compact notation through momentum kernel and
monodromy relations

Miree(1= 27,37 4Ty =i (12)°

(NEJBB, Damgaard, Vanhove;
Steiberger;
NEJBB, Damgaard,
Feng, Sondergaard;
NEJBB, Damgaard,
Sondergaard,Vanhove)
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KLT relations

Redoing KLT using S kernels leads to...

My = (—if4)*3

ZZSQ,[,(UQ) ..... o(i—1)|e(2,...,i—D)]kSx[B(@(5),-.. ,a(n=2))|e(,-.., n—2)]k s
o .3
x A.(1,0(2,....n—=2),n—1,n) A,(v(c(2),..., o(j—1)),1,n—-1,8(a(j),..., o(n—2)),n)

. fn-2 n-1 .
Beautifully symmetric form for (j=n-1)
gravity... M, = (1) Z Ap(n,v2n—1,1)S[v2n-1|52n-1]p, An(1, B2.n—1,1)
B 512...(n—1)
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Unitarity cuts

Helicity formalism require unitarity methods

. . 1-loo
C’I,,...,j — IIHKZ”J>()M p

Singlet Non-Singlet

/dLIPS {Mtree(fl,i,i +1,...,7,09) x

o MUC(fy 41,421, —61)}
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Amplitude
computations and
observables in general
relativity

29



|dea

Use of perturbative framework to compute observables
In general relativity — vast literature. (Blanchet talk)

(Damour’s talk)

Truncation to quantum computations to only classical
terms.

Many applications to computation post-Newtonian
physics (PN) - NR-EFT methods/truncation to classical
physics - |deal for the low-velocity situations of
planetary orbits, satellites, and large-distance effects

® Hamiltonians for template generation
e Radiation effects
® Spin effects

Scattering Amplitudes and Results in General Relativity

30



Relativistic amplitudes to
generate PM results

View-point: relativistic scattering amplitudes
(generally covariant theory of gravity coupled to
matter)

Flat metric. Full metric is treated perturbatively
around Minkowskian background.

Post-Minkowskian expansion: Keep all velocity

terms in expansion while expanding order by order
In Newton’s constant

e Hamiltonians: one and two-loops

® Scattering angle: Amplitude -> GR map from
Quantum Mechanical correspondence limit

Scattering Amplitudes and Results in General Relativity 3 ]_



Relativistic amplitudes to
generate PM results

Some recent amplitude computations: (Guevara
and Cachazo; Guevara; Damour; NEJB, Damgaard,
Festuccia, Plante, Vanhove; Cheung, Rothstein,
Solon; O'Connell, Maybee, Kosower; Collado, Di
Vecchia, Russo)

Scattering angle in post-Minkowskian formalism:
(Westpfahl; Damour; Vines; NEJB, Damgaard,
Festuccia, Plante, Vanhove)

PM Hamiltonians: (Cheung, Rothstein, Solon; Bern,
Cheung, Roiban, Shen, Solon, Zeng)

(See Damoutr’s talk) (See Solon’s talk)
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Massless matter

As an example we will consider scattering of
massless matter

4G M
Q A = g4 R:_'f."

Bending of light/massless matter around the Sun

New features: mass-less external fields ~> IR
singularities

New test of universality of matter
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Trees and the cut

We have the Lagrangian

2
S = /(141’ ~9 |3 R + Smodel + SER

K

where

1 1
Sscalar = /(141" —g (_5(0/173)2 - § ((0/1(1))2 — 4\[2(1)2))

i

Sfermion — 5 /(141’ VvV —4g {lp\ ;

1

SqEp = — 7 / d*z /=g (V,A, —V,A,)°
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Trees and the cut

We have the Lagrangian

2
S = /(141’ —(q 3 R + Smodel + SER

K

We want to compute the cut
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Trees and the cut

We have the Lagrangian

2
S = /(141* ~9 |3 R + Smodel + SER

K

We want to compute the cut

1 € , ; '
M.(\?)(pl,pz,m,p4))disc = ﬁ#z /dLIPS(€1= —lp) (27)*6* (p1 + p2 + p3 + pa)
X Z Mfélc?(pl‘&p? — [2) X beg)GQ(p?’?(??*p*l’ —fl)i
A1,A2
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Photons and scalars

For photons we have

2 2 2
I (k)n=(ka)] _ K [p1 k1] (po ko)™ (kalps [k
)y (@Dl 4 (py-po)(p1 - k1) (p1 - ko)

While for scalars

M? [ky ko)

(k1 'kz)(k12'P1)(k1 'PQQ)
(k1|p1|ka]” (k1|p2|ks]

L0 [tk (ka)] _ K
[¢(P1)e(p2)] 4
.2

s (k)T (k)] _ K
Z"M[sb(pl)qt’>(p=.>)] 4

(k1 - ko) (k1 - p1) (k1 - p2)

Super compact compared to Feynman diagram results

Scattering Amplitudes and Results in General Relativity
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Result for the amplitude

We can rewrite

MO ZZ / e -
) ) ) )
P1, P2, D3, P4) 3212 2m) D 202(p;s - £1) (p; - 1)

i=1 j=3
where
1 4 | | 4 Scalar
Nnon —singlet — 5 [(tl_((11)1[2])3)) T (tl‘—('€2])1€1])3)) ] case
%+_ (tl (1])1(2])3) t1‘+(p1p3p2[f1p352)) - (61 A [2) Fermion
non—singlet <])2|])3 |])1] case
L (tr—(Lop1lips)try (Cop3lipipap2))” + (€1 4> 2) oy
N, non—singlet — 112
(p1|p3|p2] case

Combine spinor expressions into traces
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Result for the amplitude

1) Expand out traces

2)Reduce to scalar
basis of integrals

3)Isolate
coefficients

(Bern, Dixon,
Dunbar, Kosower)

bo® (t,s) Iu(t, s) + bo° (t,u) Iu(t, w)
too (1) I3 (t,0) + t3,(t) Is(t, M?) + bu®(t,0) Iy(t,0)

Scattering Amplitudes and Results in General Relativity 3 9



Result for the amplitude

4 (4<Mw)4(14(t. w) + Iu(t, 8)) + 3(Mw)2tI3(t)

_ 15(1\[2/@)2[3(1‘,. M) + bu.X(ﬂ[w)QIQ(t))]
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Result for the amplitude

3 161
bu¥ —= ) = —
u 10 bu 50
31
buX = —
a 30

Taking the post-Newtonian
non-relativistic low energy limit

X 15 M 15 2 b = 2
N* (Mw)? [— f{,4[_ - — hr? log ( \qﬂ> + Rt log (q—2>

h 512 [q] 5127 (87)2 10

3 q2 Mw 1 q2
NEJB, Donoghue, — A2 loo? [ 1 A — log ]
( Hols(tJeni(r)l,g - " 12872 8 (,ug) L q? oe (J[Q

Plante, Vanhove)
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Making connection to
general relativity

General metric
ds® = A(r)dt* — B(r)?*dr?® — r?dQ?

A(r) = 1 1 2GNM  Schwarzschild
B(r) r
- AGNM
b= R

Can we reproduce?

Scattering Amplitudes and Results in General Relativity 4 2



Stationary phase method

We apply a Fourier transformation to impact
Darameter space and exponentiate into eikonal
ohases, so that a stationary phase method can
e applied.

(See e.g. Akhoury, Saotome and Sterman)
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Stationary phase method

Now we can compute

_HQAIE/ d?q _igb 1

x1(b) = :

1
d— 2

~A4GNME [ — log(b/2) — ’”;E]

15m G2 M?*E

2 2127
— T .L;\ /
x2(b) = GNM E— Db2

2b
(Sbu" — 15+ 48log TO)
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Stationary phase method

Leading to static phase when:
0

E (gb+ x1(b) + x2(0) +---) =0

Using that ¢ = 2E sin(0/2)

We arrive at:
v, 1 O
2sin 5 = 0 = ——— (x1(b) +x2(b))

Scattering Amplitudes and Results in General Relativity
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Stationary phase method

Leading to static phase when:

Using that ¢ = 2E sin(0/2)
Or:

AGNM | 15 G2 M?*r
b 4 b2

8bu” + 9 — 481log

+ ) 2()0

13 + ...

b ) hG2, M
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Bending of light

Interpreted as a bending angle (eikonal approximation) we
have: | AGM 15G%M?x

~J

e

plus a quantum effect of the order of magnitude:
8bu’7+9+48100— G2hM
T b3

We see that we have universality between scalars, fermions
and photons only for the ‘Newton’ and ‘post-Newtonian’
contributions

(NEJB, Donoghue, Holstein, Plante, Vanhove; Bai, Huang; Collado, Di
Vecchia, Russo, Thomas; Chi)

+

Scattering Amplitudes and Results in General Relativity 4 7



Massive scattering: Scalar
Interaction potentials (tree)

>V\Mv\< Tree level

16m(G
— 2 fm%mz ])1 -p4)2—(101 'p4)(12)
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Massive scattering: Scalar
Interaction potentials (one-

loop)
One-loop level

v o

of c(my,ma)l p1 q) c(mo,mq)l p4 —q
(g2 —4772) (g2 — 4m? )

— ((.’ﬂ'()
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Classical contribution from
one-loop amplitude

General relativity encoded in triangle
coefficients

c(mi,msa) = (¢*)° + (¢*)* (6])1 Py — 10772%)

+ ((12)3 (1'2(])1 - ])4)2 — 6077‘2..%])1 - Py — 2772%772.% -+ 30771“11)
—(¢°)? (120m3(p1 - pa)® — 180mips - p4 — 20mim3 + 20m3)
+q? (3607‘72..‘11 (p1 - pa)* — 120mSp; - pg — 4mS§(m7 + 157‘72..%))

+ 4877’2? 'mg — ‘240772.?(1)1 : ])4)2

(NEJB, Damgaard, Festuccia, Plante, Vanhove)
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Post-Newtonian potentials

Leading order in g

6m2G? ‘
My = T2 4 ma) (501 - o) = )

All momenta provided at infinity, contractions are done
using flat space metric (Minkowski), no reference to
coordinates. Gauge invariant expression — to derive
potential we have to introduce coordinates, Fourier
transform and expig’1 subleading terms in .

Scattering Amplitudes and Results in General Relativity 5 ]_



Born subtraction

Born subtraction important to make
contact with Post-Newtonian limit.

Scattering Amplitudes and Results in General Relativity
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Limit: Post-Newtonian
Interaction potential

g Pl Pi_ P1 P
2my  2mo |

Gmime
r
é —Q — — — —
_ Gmumy (3% 3R ThB_ (D))
2r m% mg m1mso mymer?

(Einstein-Infeld-Hoffman)

Subtraction of Post-Newtonian tree-level
Born term to in order to get the correct
potential (3 - 7/2 ->-1/2)

Scattering Amplitudes and Results in General Relativity
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Post-Minkowskian
expansion 7 = —is

Will use similar eikonal setup b orthogonal and

as for bending of light T
(extended to massive case): b = |b|

Amplitude computed

.

M(B) = / P2Ge= TN ()

.

M) = 4p(Ey + Ey)(eX® _ 1)

Eikonal phase

Scattering Amplitudes and Results in General Relativity 5 4



Post-Minkowskian
expansion

Stationary phase condition (leading order in Q)

—2M 9,
- — (x1(b) + x2(b))
\/ M2 — 4m%m%

M* — 2m2m2 1 b
) =26 = (L og (5) <)
\/ M4 — 4m%m%

2sin(6/2) =

3rG? mi -+ mo

= (5M* — 4m?m?2)
8\/ M4 — 4m2m?

x2(b)

Scattering Amplitudes and Results in General Relativity 5 5



Post-Minkowskian
expansion

Final result becomes
)i ( 4 )  4AGM (]\7[4 — 2m2m?3

b M* — 4m3m3

2
3m G(my 4 my) 5M* — 4771%771%)

16 b M#4 — 4m?m?
Agrees with | | o
(Westpfahl, Damour) Light-like limit
2, 2
H — 4Gmq | 157 G m7
b T 4 b2

Scattering Amplitudes and Results in General Relativity 5 6



Post-Minkowskian
expansion

So we have made contact with general relativity
without making a direct reference to a Post-
Minkowskian Hamiltonian.

Can we always avoid reference to Hamiltonian?
(needs to be investigated further..)

Understanding of one-loop scattering angle results
from Post-Minkowskian Hamilton? Proper Born
subtraction yields equivalence of results!

Still need for better understanding at higher
loops...

Scattering Amplitudes and Results in General Relativity 5 7



Outlook

How define Amplitude -> GR map:

Non-trivial problem: We have illustrated some
examples of such a map that contains interesting physics.
This provides a direct way to derive the one-loop PM bending
angle in general relativity.

However: Good prospects for further theoretical and
practical breakthroughs.

Spin effects (gravity phenomenology)

Radiation (higher precision and better templates)

Higher precision/loops

Scattering Amplitudes and Results in General Relativity 5 8



Outlook

Already extensive work on QFT approach to gravity. (Damour’s talk)

Forms the theoretical backbone of current investigations using
templates at LIGO/Virgo.

Observation: Amplitude angle provides new efficiency to calculations.
1) Double-copy allows recycling of Yang-Mills results in gravity.

2) Off-shell -> On-shell (removes clutter from computations, while
essence contributions remains). However important considerations
when throwing away off-shell information. (coordinate dependence etc.)

3) Classical parts are possible to identify and target independently of
quantum contributions. (non-analytic pieces, have unique cuts)

Hope: That reconsidering how to do such computations can be used
to increase precision for gravity observables.

Scattering Amplitudes and Results in General Relativity 5 9



Exciting times ahead!!

New on-shell
toolbox for
gravity

COmMPULEE. New techniques for

computation of
physical
observables In
general relativity

Scattering Amplitudes and Results in General Relativity 60



