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(2 + 1)-dimensional quantum electrodynamics (QED3)

Extensive studies for more that three decades now:

o Original interest: [Pisarski '84; Appelquist et al. '84]
similarities to (3 + 1)-dimensional QCD and toy model to study
systematically dynamical chiral symmetry breaking (DxSB)
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relativistic-like low-energy excitations

Critical properties of three-dimensional QED multi-loop-2019, 15 May 2019

4/56



(2 + 1)-dimensional quantum electrodynamics (QED3)

Extensive studies for more that three decades now:

e Original interest: [Pisarski '84; Appelquist et al. '84]
similarities to (3 + 1)-dimensional QCD and toy model to study
systematically dynamical chiral symmetry breaking (DxSB)

e Later: [Semenoff '84, Marston & Affleck '89, loffe & Larkin "89]
effective field theory for condensed matter physics systems with
relativistic-like low-energy excitations

@ Since then: many studies using different approaches
[Pisarski '91] [Appelquist et al. '88, '99] [Nash '89] [AVK '93]
[Pennington et al. '91, '92] [Atkinson et al. '90] [Dagotto et al. '89,
'90] [Bashir, Raya et al. '07, '09] [Kubota et al. '01] ...
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e Later: [Semenoff '84, Marston & Affleck '89, loffe & Larkin "89]
effective field theory for condensed matter physics systems with
relativistic-like low-energy excitations

@ Since then: many studies using different approaches
[Pisarski '91] [Appelquist et al. '88, '99] [Nash '89] [AVK '93]
[Pennington et al. '91, '92] [Atkinson et al. '90] [Dagotto et al. '89,
'90] [Bashir, Raya et al. '07, '09] [Kubota et al. '01] ...

@ Very recently: burst of activity
[Di Pietro et al. '16] [Giombi et al. '16] [Chester & Pufu '16] [Karthik
& Narayanan '16] [Janssen '16] [Herbut '16] [Gusynin & Pyatkovskiy
'16] ... [Thomson & Sachdev '17] [Goswami et al. '17] ...
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“Chiral” (flavour) symmetry in QED3

Massless QED3 with N flavours of 4-component fermions

. A1
L=V, (i0 - A"~ 2F2,  (0=1,---,N)

Global U(2N) *“chiral” (flavour) symmetry

Only possible with 4-component spinors because in this case it is possible
to add 73 and 4° anticommuting with 7%, 4! and 4?2

To see this, let x; be a 2-component spinor (i = 1,--- ,2N). Then:
v, = ( XX" ) , VU, = (XU,YNH,) ¥ %, =xlos ¥ =435,
N+-o

Fermion bilinears: (parity: ¢/(—x,y) = iv}v3¢(x,y) , U2N): x: = U,J"Xj)

Y, yH W7 = g0ty (parity even, U(2N) invariant)
VoV = %o X7 — Xney Nt (parity even, breaks U(2N))
L R L (parity odd, U(2N) invariant)
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“Chiral” (flavour) symmetry in QED3

Massless QED3 with N flavours of 4-component fermions

. A1
L=V, (i0 - A"~ 2F2,  (0=1,---,N)

Global U(2N) *“chiral” (flavour) symmetry

Only possible with 4-component spinors because in this case it is possible
to add 73 and 4° anticommuting with 7%, 4! and 4?2

Parity-even mass term breaks U(2N) — U(N) x U(N)

WU Yo — >—<U XO‘ - >—<N+U XN+J

Question (parity-odd mass term neglected): [Pisarski '84]

Is it possible that “chiral” symmetry is dynamically broken in QED3?

(with dynamical generation of a parity-even mass)
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Some properties of the model
QED3 is super-renormalizable

e dimensionful coupling constant a = Ne?/8

@ loop-expansion plagued by IR singularities (starting from two-loop)
[Jackiw & Templeton '81] [Guendelman & Radulovic '83, '84]
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Some properties of the model
QED3 is super-renormalizable

e dimensionful coupling constant a = Ne?/8

@ loop-expansion plagued by IR singularities (starting from two-loop)
[Jackiw & Templeton '81] [Guendelman & Radulovic '83, '84]

Large— N limit of QED3 (N — oo and a fixed): IR softening
[Appelquist & Pisarski '81, Appelquist & Heinz '81]

8uv _ Buv S -
p2[L+N(p)] p2[1+a/lpl] alp|

o Gauge propagator ~ 1/p: Coulomb-like (no confinement)
Similar to reduced QED [Teber '12, AVK & Teber '13]

o Effective dimensionless coupling:

DW(P) =

a {0 p> a free stable UV fixed point

i(p)=—— =
(p) lpl(1+a/lp]) |1 p<a non-trivial IR fixed point

Critical properties of three-dimensional QED multi-loop-2019, 15 May 2019

6/ 56



Power counting in large-N QED3 similar to 4-dimensional theories
Gauge propagator ~ 1/p and dimensionless coupling ~ 1/v/'N

@ model becomes IR finite

@ but also UV finite (no renormalization of the gauge field)

scale (conformal) invariance!

Critical properties of three-dimensional QED multi-loop-2019, 15 May 2019

7/ 56



Power counting in large-N QED3 similar to 4-dimensional theories
Gauge propagator ~ 1/p and dimensionless coupling ~ 1/v/'N

@ model becomes IR finite
@ but also UV finite (no renormalization of the gauge field)

scale (conformal) invariance!

Dynamical chiral symmetry breaking in QED3
@ should take place at momentum scales p < a
(breaks scale invariance)
@ cannot take place at any finite order in 1/N
(requires a non-perturbative approach)

@ may take place below some critical fermion flavour number N,
Ne

N=0 ® N — co

massive massless
Challenge: determine the value of N,

7/ 56
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Outline

Q Overview of results
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Some history

Value of N, crucial to understand the phase structure of QEDj3
(important consequences for particle/condensed matter physics)
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Some history

Value of N, crucial to understand the phase structure of QEDj3
(important consequences for particle/condensed matter physics)

o [Pisarski '84] DxSB for all values of N (N, — o0)

» Method: solves Schwinger-Dyson (SD) gap equation at leading order
(LO) of 1/N-expansion

» Support: RG study [Pisarski '91], further SD studies [Pennington et al.
'91, '92], lattice simulation [Azcoiti '93, '96]
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(LO) of 1/N-expansion
» Support: RG study [Pisarski '91], further SD studies [Pennington et al.
'91, '92], lattice simulation [Azcoiti '93, '96]
o [Appelquist et al. '88] DxSB for N < N, = 32/7% = 3.24 (Landau
gauge)
» Method: refined study of SD gap equation at LO of 1/N-expansion

» Support: most results in the literature are in favour of 0 < N, < oo
including early lattice simulations [Dagotto et al. '89, '90]
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Some history

Value of N, crucial to understand the phase structure of QEDj3
(important consequences for particle/condensed matter physics)

o [Pisarski '84] DxSB for all values of N (N, — o0)

» Method: solves Schwinger-Dyson (SD) gap equation at leading order
(LO) of 1/N-expansion
» Support: RG study [Pisarski '91], further SD studies [Pennington et al.
'91, '92], lattice simulation [Azcoiti '93, '96]
o [Appelquist et al. '88] DxSB for N < N, = 32/7? = 3.24 (Landau
gauge)
» Method: refined study of SD gap equation at LO of 1/N-expansion

» Support: most results in the literature are in favour of 0 < N, < oo
including early lattice simulations [Dagotto et al. '89, '90]

e [Atkinson et al. '90] no DxSB for any N (N. — 0)

» Method: alternative non-perturbative study of SD gap equation
» Support: recent lattice simulations [Karthik & Narayanan '16]
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In 30 years: very different results obtained for N_!

Nc \ Method \ Year
00 SD (LO in 1/N) 1984
00 SD (non-perturbative) | 1990, 1992
o0 RG study 1901
00 lattice simulations 1993, 1996
< 4.4 F-theorem 2015
35+0.5 lattice simulations 1988, 1989
32/7? ~3.24 | SD (LO, Landau gauge) 1988
2.89 RG study (one-loop) 2016
1++v2=241 F-theorem 2016
<9/4 =225 RG study (one-loop) 2015
< 3/2 Free energy constraint 1999
0 SD (non-perturbative) 1990
0 lattice simulations 2015, 2016

Table: Values of N, obtained over the years with different methods (at LO).
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Beyond leading order

All these very different results reflect a poor understanding of the problem

[Pisarski '91]: “difficult to presume we understand xSB in QCD4 when we
do not fully understand flavour-symmetry breaking in QED3"
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All these very different results reflect a poor understanding of the problem

[Pisarski '91]: “difficult to presume we understand xSB in QCD4 when we
do not fully understand flavour-symmetry breaking in QED3"

Important question: stability of the critical point
Consider the approach of [Appelquist et al. '88] (LO in 1/N-expansion):

N, = 32/7% = 3.24 is not large

Contribution of higher order corrections may be essential!
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Beyond leading order

All these very different results reflect a poor understanding of the problem

[Pisarski '91]: “difficult to presume we understand xSB in QCD4 when we
do not fully understand flavour-symmetry breaking in QED3"

Important question: stability of the critical point
Consider the approach of [Appelquist et al. '88] (LO in 1/N-expansion):

N, = 32/7% = 3.24 is not large
Contribution of higher order corrections may be essential!
Related question: proof of the gauge-invariance of N,
This talk: focus on next-to-leading order (NLO) corrections

Note: many works address the stability of the critical point but very few
address the accurate study of NLO corrections in QED3
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SD gap equation at NLO in the 1/N-expansion
First and most well-known study: [Nash '89]
@ non-local &-gauge
@ additional resummation (of wave function renormalization)
LO + resummation: N, = (4/3)(32/7%) = 4.32

» fully gauge-invariant
» 33% deviation wrt to LO in Landau gauge without resummation
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First and most well-known study: [Nash '89]
@ non-local &-gauge
@ additional resummation (of wave function renormalization)
LO + resummation: N, = (4/3)(32/7%) = 4.32

» fully gauge-invariant
» 33% deviation wrt to LO in Landau gauge without resummation
@ attempt to compute NLO corrections

» approximate calculation of diagrams
» different gauges used for different parts of the calculation
» typo in the final result as noticed by [Gusynin & Pyatkovskiy '16]

approximate NLO + resummation (corrected): N, = 3.52
(published number: N, = 3.28)
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SD gap equation at NLO in the 1/N-expansion
First and most well-known study: [Nash '89]
@ non-local &-gauge
@ additional resummation (of wave function renormalization)
LO + resummation: N, = (4/3)(32/7%) = 4.32
» fully gauge-invariant
» 33% deviation wrt to LO in Landau gauge without resummation

@ attempt to compute NLO corrections

» approximate calculation of diagrams
» different gauges used for different parts of the calculation
» typo in the final result as noticed by [Gusynin & Pyatkovskiy '16]

approximate NLO + resummation (corrected): N, = 3.52
(published number: N, = 3.28)

Nash concludes: strong stability of the 1/N-expansion

Beautiful resummation of Nash but full NLO computation not reliable
(no possibility to discuss gauge dependence at NLO)
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Second (less well-known) study: [AVK 93]
@ along the lines of [Appelquist et al. '88]

@ use of perturbation theory rules for massless Feynman diagrams
[Kazakov '83] (powerful technique for multi-loop calculations)
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Second (less well-known) study: [AVK 93]
@ along the lines of [Appelquist et al. '88]

@ use of perturbation theory rules for massless Feynman diagrams
[Kazakov '83] (powerful technique for multi-loop calculations)

@ results:
» strong gauge-dependence
contrary to Nash, the result is found stable only in the Landau gauge
» approximate evaluation of the most complicated master integrals
NLO (Landau gauge): N, = 3.31
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@ results:
» strong gauge-dependence
contrary to Nash, the result is found stable only in the Landau gauge
» approximate evaluation of the most complicated master integrals
NLO (Landau gauge): N. =3.31
Notice: since this work there has been several studies focusing on the
gauge-dependence of N, in various models [Bashir et al. '09] [Ahmad et al.

'16] with the help of the Landau-Khalatnikov-Fradkin transformation
[Landau & Khalatnikov '55] [Fradkin '56]
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Second (less well-known) study: [AVK 93]
@ along the lines of [Appelquist et al. '88]

@ use of perturbation theory rules for massless Feynman diagrams
[Kazakov '83] (powerful technique for multi-loop calculations)

@ results:
» strong gauge-dependence
contrary to Nash, the result is found stable only in the Landau gauge
» approximate evaluation of the most complicated master integrals
NLO (Landau gauge): N. =3.31
Notice: since this work there has been several studies focusing on the
gauge-dependence of N, in various models [Bashir et al. '09] [Ahmad et al.

'16] with the help of the Landau-Khalatnikov-Fradkin transformation
[Landau & Khalatnikov '55] [Fradkin '56]

Importantly: application of LKF to QED3 in 1/N-expansion revealed the
almost complete gauge-invariance of N, [Bashir et al. '09]
confirms the importance of the Landau-gauge
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Our first work [AVK, Shilin & Teber "16]:
o follow approach of [Appelquist et al. '88] and [AVK "93]
@ exact computation of all diagrams = exact NLO gap equation!

» use of perturbation theory rules for massless diagrams [Kazakov '83]
» for the most complicated master integrals: use of series representations

via the Gegenbauer polynomial technique
[Chetyrkin, Kataev & Tkachov '80] [AVK '96]
» new functional relations for the most complicated master integrals

@ reconsider Landau gauge following LKF results of [Bashir et al. '09]:
» exact NLO (Landau gauge): N. = 3.29

multi-loop-2019, 15 May 2019 14 / 56
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» use of perturbation theory rules for massless diagrams [Kazakov '83]
» for the most complicated master integrals: use of series representations

via the Gegenbauer polynomial technique
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» new functional relations for the most complicated master integrals

@ reconsider Landau gauge following LKF results of [Bashir et al. '09]:
» exact NLO (Landau gauge): N. = 3.29
Our second work [AVK & Teber '16]:
@ all computations extended to an arbitrary non-local gauge
@ Nash's resummation implemented
we discover strong suppression of the gauge dependence of N, at NLO
» exact NLO + resummation: 3.0084 < N. < 3.0844
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Our first work [AVK, Shilin & Teber "16]:
o follow approach of [Appelquist et al. '88] and [AVK "93]
@ exact computation of all diagrams = exact NLO gap equation!

» use of perturbation theory rules for massless diagrams [Kazakov '83]
» for the most complicated master integrals: use of series representations

via the Gegenbauer polynomial technique
[Chetyrkin, Kataev & Tkachov '80] [AVK '96]
» new functional relations for the most complicated master integrals

@ reconsider Landau gauge following LKF results of [Bashir et al. '09]:
» exact NLO (Landau gauge): N. = 3.29

Our second work [AVK & Teber '16]:

@ all computations extended to an arbitrary non-local gauge
@ Nash's resummation implemented

we discover strong suppression of the gauge dependence of N, at NLO
» exact NLO + resummation: 3.0084 < N. < 3.0844
Most importantly: with Gusynin's prescription (NLO for 53)

we achieve complete gauge-invariance at NLO: N, = 2.85
(in agreement with [Gusynin & Pyatkovskiy '16])
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N \ Method \ Year
0 SD (LO in 1/N) 1084
00 SD (non-perturbative) 1990, 1992
00 lattice simulations 1993, 1996
<44 F-theorem 2015
(4/3)(32/7%) = 4.32 SD (LO, resummation) 1989
35+05 lattice simulations 1988, 1989
3.31 SD (NLO, Landau gauge) 1993
3.29 SD (NLO, Landau gauge) 2016
32/7? ~ 3.24 SD (LO, Landau gauge) 1988
3.0084 — 3.0844 SD (NLO, resummation) 2016
2.89 RG study (one-loop) 2016
2.85 SD (NLO, resummation, Y¢) 2016
1+ V2 =241 F-theorem 2016
<9/4 =225 RG study (one-loop) 2015
< 3/2 Free energy constraint 1999
0 SD (non-perturbative) 1990
0 lattice simulations 2015, 2016
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Outline

© Schwinger-Dyson gap equation (1/N-expansion at LO)
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Fermion propagator (X(p): dynamically generated (parity-conserving)
mass, A(p): fermion wave function):

S7H(p) = [1+ A(p)] (ip + X(p))

Photon propagator (non-local ¢-gauge, £ = 0: Landau gauge):

Pi(p) :

. . PuPv
D/Ll/(p) - m7 P/,Ll/(p) = 8w — (]‘ - g)T

p

)

SD equation for the fermion propagator (3(p) = Z(p)[1 + A(p)]):
N Pk A" Dy (p — k) E(K) T (p, k)
tp) =y Tr/ 2r7 L+ AR (K + 2(K))
B A3k Dy (p— k) py* kT¥(p, k)
Al)P® =~ Tr/ 2nF [+ AR (21 22(K)

(p, k): vertex function.
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At leading order (a = Ne?/8): A(p) =0, MN(p) = \%I’ (p, k) =+"
A single diagram contributes to the gap equation (cross = mass insertion):

3 3
o) - e 240 | [0°K] (k)

(k2 +22(k) [(p— k)? +alp — K]
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At leading order (a = Ne?/8): A(p) =0, MN(p) = ‘—;, (p, k) =+"
A single diagram contributes to the gap equation (cross = mass insertion):

3 3
£(p) = —[;;L: 8(2+¢) [43K] E(k)

N /(k2+22(k)) [(p—k)>+alp— k]

Following [Appelquist et al. '88] and [AVK '93]:
e focus on p < a and linearize p > X(p) (criticality)

C8(24¢) [ Bk T(k)
0= | s

Half-integer index due to photon propagator [p — k| = [(p — k)?]'/?

Critical properties of three-dimensional QED multi-loop-2019, 15 May 2019 18 / 56



At leading order (a = Ne?/8): A(p) =0, MN(p) = ‘—;, (p, k) =+"
A single diagram contributes to the gap equation (cross = mass insertion):

3 3
£(p) = —[;;L: 8(2+¢) [43K] E(k)

N /(k2+22(k)) [(p—k)>+alp— k]

Following [Appelquist et al. '88] and [AVK '93]:
e focus on p < a and linearize p > X(p) (criticality)

C8(24¢) [ Bk T(k)
0= | s

Half-integer index due to photon propagator [p — k| = [(p — k)?]'/?
@ parametrize mass-function as: ¥ (k) = B (k?)~ (arbitrary index «)
and use rules for integrating massless diagrams [Kazakov '83]

42+ €)B (p?)~ 28
10y = 4249 ((553/2 2
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The LO in 1/N-expansion gap equation then reads:

2 f 1
ﬂ where = ———— and L=n°N

L= L a(l/2 —a)
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The LO in 1/N-expansion gap equation then reads:

(2+€)8

1
1 where f= ——— and L=n°N

L= a(l/2 —a)

Solving the gap equation, yields (in agreement with [Appelquist et al. '88]):

)
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The LO in 1/N-expansion gap equation then reads:

(2+€)8

1
1 where f = ————— and L=x°N

L= a(l/2 —a)

Solving the gap equation, yields (in agreement with [Appelquist et al. '88]):

)

The gauge-dependent critical number of fermions is:

Ne = me(e) = 2 (y(0) = 32/2)

s

such that for N > N.: X(p) = 0, while for N < N, (Miransky scaling):

Y(0) ~ a exp [— el }

VNe/N—1
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The LO in 1/N-expansion gap equation then reads:

(2+8)8

1
1 where f = ————— and L=x°N

L= a(l/2 —a)

Solving the gap equation, yields (in agreement with [Appelquist et al. '88]):

)

The gauge-dependent critical number of fermions is:

N, = N.(¢) = &jf) (N(0) = 32/72)

s

such that for N > N.: X(p) = 0, while for N < N, (Miransky scaling):

Y(0) ~ a exp [— el }

VNe/N—1

DxSB occurs when @ becomes complex (o« =1/4 or 8 = 16)
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From the rules to integrate massless Feynman diagrams [Kazakov '83] it is
also straightforward to compute the LO wave-function renormalization

constant.
At leading order, we have (using dimensional regularization in D = 3 — 2¢):

2a dPk PS,(p — k) py* k~”
A 2 — 2e / 124
(P)p" = = 1 2m)D PEp—

multi-loop-2019, 15 May 2019 20 / 56
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From the rules to integrate massless Feynman diagrams [Kazakov '83] it is
also straightforward to compute the LO wave-function renormalization

constant.
At leading order, we have (using dimensional regularization in D = 3 — 2¢):

2a dPk PS,(p — k) py* k~”
A 2_ %9 2 T v
O =T [ s
In MS-scheme (112 = 4me e 1i?):
F(1+ ¢e)(4n)eu® %

Alp) = oz ”q@:ﬁq@+%>

where

€

() = +37ri2N ((2 ~3¢) [1 - 2|n2} + 131 - 65)
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From the rules to integrate massless Feynman diagrams [Kazakov '83] it is
also straightforward to compute the LO wave-function renormalization

constant.
At leading order, we have (using dimensional regularization in D = 3 — 2¢):

2a dPk PS,(p — k) py* k~”
A 2__ %9 2€T v
O =T [ s
In MS-scheme (112 = 4me e 1i?):

T e, 2¢ —2¢e
Ap) = U “;S 1 o) = e Gl +0)

where

€

2 1 14
G(&) = t32n ((2 - 3¢) [ —2In 2} +3 - 65)
Hence (in agreement with [Gracey '94]):
dA(p)  4(2—3¢)

(1) _
Aa = dp 32N
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From the rules to integrate massless Feynman diagrams [Kazakov '83] it is
also straightforward to compute the LO wave-function renormalization

constant.
At leading order, we have (using dimensional regularization in D = 3 — 2¢):

2a dPk PS,(p — k) py* k~”
A 2__ %9 28T v
O =T [ s
In MS-scheme (112 = 4me e 1i?):

T e, 2¢ —2¢e
Ap) = U “;S 1 o) = e Gl +0)

where

2 1 14
=+ ((2=3¢9) |- —2In2| + = —
G = +32y (( 3¢) L n }Jr 3 65)
Hence (in agreement with [Gracey '94]):
N dAlp) _ 42— 35)
AT du 3m2N

Notice: for £ = 2/3, A(p) is finite and Ay =0
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Outline

@ Schwinger-Dyson gap equation (1/N-expansion at NLO)
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At NLO, we have four contributions:

NLO 8\* (P~
Z( )(p): <N> B (471‘)3 (ZA+21+222+Z3) ,

and the gap equation has the form (L; = 7%;, (i = 1,2,3, A)):

Gt A(€) + X1(€) +232(€) + ¥3(€)
N L L2
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At NLO, we have four contributions:

8\, (P) "

and the gap equation has the form (L; = 7%;, (i = 1,2,3, A)):

Gt A(€) + X1(€) +232(€) + ¥3(€)
N L L2

We need to compute the following diagrams (massless propagator-type):
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Multi-loop techniques

Multi-loop techniques (dim. reg. in the MS-scheme) (+ BPHZ):
very powerful and effecient calculational framework

For the year 2016-2017, breakthrough achievements (+ beautiful
mathematics):

@ 4-loop [-function for the Gross-Neveu [Gracey et al. '16]

@ 5-loop fS-function for QCD [Baikov et al. '16; Luthe et al. "17;
Chetyrkin et al. '17]

@ 6-loop ®* [Batkovich et al. '16; Kompaniets & Panzer '17]

e 7-loop ®* [Schnetz '16]

@ 7-loop planar N' =4 SYM (+ integrability) [Marboe & Velizhanin '16]
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Multi-loop techniques

Multi-loop techniques (dim. reg. in the MS-scheme) (+ BPHZ):
very powerful and effecient calculational framework

For the year 2016-2017, breakthrough achievements (+ beautiful
mathematics):

@ 4-loop [-function for the Gross-Neveu [Gracey et al. '16]

@ 5-loop fS-function for QCD [Baikov et al. '16; Luthe et al. "17;

Chetyrkin et al. '17]

@ 6-loop ®* [Batkovich et al. '16; Kompaniets & Panzer '17]

e 7-loop ®* [Schnetz '16]

@ 7-loop planar N' =4 SYM (+ integrability) [Marboe & Velizhanin '16]

These achievements all concern 4-dimensional models!
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Multi-loop techniques

Multi-loop techniques (dim. reg. in the MS-scheme) (+ BPHZ):
very powerful and effecient calculational framework

For the year 2016-2017, breakthrough achievements (+ beautiful
mathematics):

@ 4-loop [-function for the Gross-Neveu [Gracey et al. '16]

@ 5-loop fS-function for QCD [Baikov et al. '16; Luthe et al. "17;
Chetyrkin et al. '17]

@ 6-loop ®* [Batkovich et al. '16; Kompaniets & Panzer '17]

e 7-loop ®* [Schnetz '16]

@ 7-loop planar N' =4 SYM (+ integrability) [Marboe & Velizhanin '16]

These achievements all concern 4-dimensional models!

Extend this to odd-dimensional models
(highly non-trivial but largely open: start at 2-loop)
(use within Schwinger-Dyson approach)
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Massless propagator type 2-loop diagram
Basic building block of multi-loop calculations ([dPk] = dPk/(27)P):

[dP k1] [dP ko]
J(a17a27a370‘47a5) = 201 120
KTt k32 (ko — p)2o3 (ki — p)24 (ko — k)20

Arbitrary indices a; and external momentum p in Euclidean space (D)

ay a2

(67 Qa3
Coefficient function (dimensionless as our ¥;):

(4m)°

G(Oé17042704370447045) = m

J(Oé]_, a2, 3, 4, 045)

Goal of multi-loop computation:
in D =n—2¢ (n=3), compute G({e;}) as a Laurent series in ¢ — 0
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Long history: exact computations are crucial

@ all indices integers: well-known and easy to compute, e.g. IBP
[Vasil'ev, Pismak & Khonkonen '81] [Tkachov '81]
[Chetyrkin & Tkachov '81]
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Long history: exact computations are crucial

@ all indices integers: well-known and easy to compute, e.g. IBP
[Vasil'ev, Pismak & Khonkonen '81] [Tkachov '81]
[Chetyrkin & Tkachov '81]

@ «; = n;+ a;e (Vi): already non-trivial
[Kazakov '83, '84, '85] [Broadhurst '86, 03]
Automated in [Bierenbaum & Weinzierl '03] (D = 4: MZV)
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Long history: exact computations are crucial

@ all indices integers: well-known and easy to compute, e.g. IBP
[Vasil'ev, Pismak & Khonkonen '81] [Tkachov '81]
[Chetyrkin & Tkachov '81]

@ «; = n;+ a;e (Vi): already non-trivial
[Kazakov '83, '84, '85] [Broadhurst '86, '03]
Automated in [Bierenbaum & Weinzierl '03] (D = 4: MZV)

@ «; € R (for some 7): simpler forms can be reached in particular cases
[Vasil'ev, Pismak & Khonkonen '81] [Kazakov '85]
[Gracey '92] [Vasil'ev, Derkachov, Kivel & Stepanenko '93]
[Kivel, Stepenenko & Vasil'ev '94] [Kotikov '96] [Broadhurst, Gracey
& Kreimer '97] [Broadhurst & Kotikov '98] ...
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Long history: exact computations are crucial

@ all indices integers: well-known and easy to compute, e.g. IBP
[Vasil'ev, Pismak & Khonkonen '81] [Tkachov '81]
[Chetyrkin & Tkachov '81]

@ «; = n;+ a;e (Vi): already non-trivial
[Kazakov '83, '84, '85] [Broadhurst '86, '03]
Automated in [Bierenbaum & Weinzierl '03] (D = 4: MZV)

@ «; € R (for some /): simpler forms can be reached in particular cases
[Vasil'ev, Pismak & Khonkonen '81] [Kazakov '85]
[Gracey '92] [Vasil'ev, Derkachov, Kivel & Stepanenko '93]
[Kivel, Stepenenko & Vasil'ev '94] [Kotikov '96] [Broadhurst, Gracey
& Kreimer '97] [Broadhurst & Kotikov '98] ...

In our case, several peculiarities (difficulties):

@ odd-dimensional QFT: '-functions with half-integer arguments

@ photon propagator: some lines with 1/2-integer indices

o from mass insertion: some lines with arbitrary a-index
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Technicalities (1)
Perturbation theory rules for massless Feynman diagrams [Kazakov '83]
|dea of the method (algebraic, no explicit integration):

compute complicated Feynman diagrams
with the help of a sequence of simple transformations

(finding such sequence is generally highly non trivial)
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Technicalities (1)
Perturbation theory rules for massless Feynman diagrams [Kazakov '83]
|dea of the method (algebraic, no explicit integration):

compute complicated Feynman diagrams
with the help of a sequence of simple transformations

(finding such sequence is generally highly non trivial)

e Integration by parts (IBP) (very well known)
[Vasil'ev, Pismak & Khonkonen '81] [Tkachov '81]
[Chetyrkin & Tkachov '81]
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Technicalities (1)
Perturbation theory rules for massless Feynman diagrams [Kazakov '83]
Idea of the method (algebraic, no explicit integration):

compute complicated Feynman diagrams
with the help of a sequence of simple transformations

(finding such sequence is generally highly non trivial)

e Integration by parts (IBP) (very well known)
[Vasil'ev, Pismak & Khonkonen '81] [Tkachov '81]
[Chetyrkin & Tkachov '81]

@ Method of Uniqueness (also known as the star-triangle or
Yang-Baxter relation)

> first appeared in theories with conformal symmetry
[Polyakov '70] [D'Eramo, Parisi & Peliti '71]

» basic notions in [Vasil'ev, Pismak & Khonkonen '81]

» first applications to multi-loop calculations
[Usyukina '83] [Kazakov '83]
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Some rules (in momentum space):
@ Plain line with an arbitrary index a:

« 1
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Some rules (in momentum space):

@ Plain line with an arbitrary index a:

o 1

— k2o

@ Chains reduce to the product of propagators:
a B a+p

—— = —
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Some rules (in momentum space):

@ Plain line with an arbitrary index a:

o 1
— k2o
@ Chains reduce to the product of propagators:
a B a+p
—— =

@ Simple loops involve an integration (used in previous LO calculation):

[t 5 -2
where ’
g
Gla. f) = O - a(aav(taﬁ)gfﬁD)ﬁ)’ aa) = r(DI'/(205 =

(0%
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e Uniqueness relation (& = D/2 — «):

Qa3 aq G(Oél, OQ)

Sa=D  (4m)D/2
QD i

(Note: unique triangle has index ) . aj = D)
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I
O

~
N
|

L

e Uniqueness relation (&

a3/ \ a1  G(og, )
=D (47)P/2
[e%) zi:a (4m) aq

(Note: unique triangle has index ) . aj = D)

o IBP relation:

1
(D — ax — a3 — 2as) ‘ <D <D
DD

(Note: + corresponds to add or subtract 1 to index «;)
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Example: this allows to compute [Vasil'ev et al. '81] [Vasil'ev et al. '93]
[Kivel et al. '94] [AVK & Teber '13] (A\=D/2 —1, A\=1/2in D = 3)

1 1
G(1,1,1,1,\) = @ :3% W’(A)—W’(l)}
1 1
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Example: this allows to compute [Vasil'ev et al. '81] [Vasil'ev et al. '93]
[Kivel et al. '94] [AVK & Teber '13] (A\=D/2 —1, A\=1/2in D = 3)

1 1
G(1,1,1,1,\) = @ :3%[\11’@)—“1’(1)}
1 1

But the following diagrams are beyond IBP and uniqueness:

11:1 all aIl
1 1 1 3 Y B
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Example: this allows to compute [Vasil'ev et al. '81] [Vasil'ev et al. '93]
[Kivel et al. '94] [AVK & Teber '13] (A\=D/2 —1, A\=1/2in D = 3)

1 1
G(1,1,1,1,\) = (i::I:::> ::3F(Aizg;;'A)[uﬂ(A)——“ﬂ(li
1 1

But the following diagrams are beyond IBP and uniqueness:
1 I 1 « I 1 « I 1
1 1 1 3 Y B
. and our calculations require the evaluations of masters such as:
2

1/2 1 1/ 1
ha) - @ ho) = @
™" 1"

/2
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Example: this allows to compute [Vasil'ev et al. '81] [Vasil'ev et al. '93]
[Kivel et al. '94] [AVK & Teber '13] (A\=D/2 —1, A\=1/2in D = 3)

1 1
G(1,1,1,1,\) = (i::I:::> ::3F(Aizg;;'A)[uﬂ(A)——“ﬂ(li
1 1

But the following diagrams are beyond IBP and uniqueness:
1 I 1 « I 1 « I 1
1 1 1 3 Y B
. and our calculations require the evaluations of masters such as:
2

1/2 1 1/ 1
ha) - @ ho) = @
™" 1"

/2

... for which no exact solution is still available.
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Technicalities (2)

The Gegenbauer polynomial x-space technique
[Chetyrkin, Kataev & Tkachov '80] [AVK '96]

Gegenbauer polynomial ch of degree n and index 3 defined as

M(n+28)
(1— 2xw + w?2)8 Z Cex G = r(2g)n!
g = x/Vx2):

Orthogonality relation on the unit D-dimensional sphere (

1 R e o AT(n+2)\) B
Qb /dDXC( R)Cn(%-2) = Onm ey gzl AT

1
dPx = 2 x? dx? dpX Qp = 27TD/2/F(D/2)

They allow to generalize the multi-pole expansion to arbitrary dimension D
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For a propagator with arbitrary power 5 (©(x) = Heaviside (step)
function):

x2\n/2
P NI (iR
where:
["2/2:] oA n—2k+>\)r()\) F(n+6— K)(k+06—A)
n2x(x KIT(0) M(n—k+A+1)F([ A

Rules for integrating diagrams with Heaviside functions [AVK '96]

dPx 2 2y (m, n|B3,A)
/W@(X _y)_( a+ﬁ)\12m+a+ﬁ_1_)\

=y w22 1 1
= OO ICEDICESY (as one example)
B(m, n|, ) = — 1 (m*+n+0) F(m+8—A)

m(m+n+A+1)I(B) [(B-N
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With these rules, one-fold series (3F,-hypergeometric function of argument
1) obtained [AVK "96]:

G(1,1,1,1,0) = “2T()M(A — ) (1 — 2X + a) x

r(\) i F(n+ 2\ (n+1) 1 7ot (2\ — )

“ATVBr—a 1) MT(n+tlta) ntl-Ata r2N

n=0
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With these rules, one-fold series (3F,-hypergeometric function of argument
1) obtained [AVK "96]:

G(1,1,1,1,0) = “2T()M(A — ) (1 — 2X + a) x

r(A) = T(n+2\)(n+1) 1 7ot (2\ — )
FQAN@A—@—l)Z% nf(n+1+a) n+l—XA+a r(2))

One-fold series (two 3Fp-hypergeometric functions of argument —1)
obtained earlier by [Kazakov '84] (using functional relations):

_ P =aN(E) (= = o)l (a +22) 1
G(1,1,1,1,00) = -2 22 G5 —a)
> n+1—2d 1 1
anjl M(n+e) <n+a+€+n—a—2e>+cos[m€]]
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With these rules, one-fold series (3F,-hypergeometric function of argument
1) obtained [AVK "96]:

G(1,1,1,1,0) = “2T()M(A — ) (1 — 2X + a) x

r(A) = T(n+2\)(n+1) 1 7ot (2\ — )
FQAN@A—@—l)Z% nf(n+1+a) n+l—XA+a r(2\)

One-fold series (two 3Fp-hypergeometric functions of argument —1)
obtained earlier by [Kazakov '84] (using functional relations):

_ P =aN(E) (= = o)l (a +22) 1
G(1,1,1,1,00) = -2 22 G5 —a)
> n+1—2d 1 1
X; M(n+e) <n+a+€+n—a—2e>+cos[m€]]

Recently, the two results were proved to be equal [AVK & Teber '16]
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In a more complicated case, one-fold series (as a combination of two
3F>-hypergeometric functions of argument 1) were also obtained in [AVK
& Teber '14] from the rules of [AVK '96]:

« 1
1 1 1
Mol 5.11) = @ = bai1 5"
15

8 M)A —2+a+5) T(2))
where:

I 5) T+ X-a) 7 sin[rd]

@B —a - B)sin[r(A— 1+ A)]sin[r(a@ + F + X — 1)]

> T(n+2)\) 1 M(n+1) 1
+n§ nl <n+)\+d—1r(n+2+)\_3)+n+/\+1—dX
y F(n+2—a&)rQ2-5)rn) sin[(3 + A — 1)] )
Mn+3+A—a—B)IrB—a—BIr(z+a—1)sin[x(a+ 5+ A —1)]
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Back to QEDs3: for the most complicated integrals, the rules [AVK '96]
yield multiple-series representations [AVK, Shilin & Teber '16]
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Back to QEDs3: for the most complicated integrals, the rules [AVK '96]
yield multiple-series representations [AVK, Shilin & Teber '16]

For X5, related master integral represented in terms of a two-fold series
1/2 1
22 = /1(0[) = = 11(04)
« 1/2
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Back to QEDs3: for the most complicated integrals, the rules [AVK '96]
yield multiple-series representations [AVK, Shilin & Teber '16]

For X5, related master integral represented in terms of a two-fold series

1/2 1
~ T 3
Y, = ha) = =0
(6% 1/2
(o) = U0 [Chlld k] s BnLl)
/1(04)_(p2)7a /pk1k12a(kl—k2)2(p—k2 ‘kz nz::; n+1/2 1/2)

2 1 1 1 1
n+1/2 (/+n+a+/+n+3/2—a>+(/+n—|—o¢)2 T U¥nir32_ap
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Back to QEDs3: for the most complicated integrals, the rules [AVK '96]
yield multiple-series representations [AVK, Shilin & Teber '16]

For X5, related master integral represented in terms of a two-fold series

1/2 1
~ 7T3
Y, = ha) = =0
« 1/2
(o) = U0 [Chlld k] s BnLl)
/1(a)—(p2)7a /pklkfa(kl—k2)2(p—k2 )2 ko ;; (n+1/2)T(1/2)

2 1 1 1 1
n+1/2 (/+n+a+/+n+3/2—a)+(/+n—|—o¢)2+(/—|—n—|—3/2—a)2]

Moreover, it obeys the following functional relation:

(@2 o) - L W) - /2 - a)]

(obtained by analogy with the ones in [Kazakov '84])

h(a+1)=——
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In the case of X3, two master integrals contribute:

Y3 =
~ B (47)3 [d3k][d3 ko)
) = Gyern | G RER - R RPT
1/2 1 -1/2 1
ha) = ha) = (ar =1+a0)

1 1/2 1 1/2
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In the case of X3, two master integrals contribute:

~

) 1
~ T 3
Y3 = I(a,v) = = (pg)(t)wl/z I(cv, )

1 1/2
- B (4n)3 [d3k1][d3 k2]
Io,y) = (p2)—a—'y+l/2 / (p— k)2 klza (ki — k2)2 (p — k2)? | ko|

1/2 1 -1/2 1
ho) = @ h) = @ (as =1+ 0)
1 1/2 1 1/2

Only one is independent. Functional relations:

h(a) = h(3/2-0a), hla) = (ah(1+a)— (1/2—a)h(a)) - =

4do— 1
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Functional relations:

- - - 2 - - g
h(a) =h(3/2-a), B(a) = ;= (ab1+0a)-(1/2=a)h(a)) - =
Representation of () in terms of a three-fold series
h(a)=> "> B(m,n,B,1/2)> B(l,n,1,1/2) x C(n,m,l,a),
n=0 m=0 =0
C( [, c) - + !
n,m,l,a) =
B (m+n+a)l+n+a) (m+n+a)(l+m+n+1)
- " - -
(m+n+1/2)(l+m+n+a) (m+n+1/2)(I+n+3/2—a)

1 1
+ .
(n—{—/+a)(/+m—|—n+a)+ (I+n+3/2—a)(l+n+m+a)
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Back to the gap equation at NLO

R CRRIL N Y a(€) + 21(8) +232(8) + 23(6)
N L 12

All diagrams can be computed exactly
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Back to the gap equation at NLO

(R+8B | Tal§) +Z1(8) +235(8) + X3(6)
L * L2

All diagrams can be computed exactly

1=

Contribution of ¥ 4 originates from LO A(p) (singular):

Ta(6) :4’; Ki(l —¢) ‘52) [1 e ﬂ * (26 - 35‘252”

where Wy = V(a)+ V(1/2 —a)—2¥(1) + _3 2In2

Critical properties of three-dimensional QED multi-loop-2019, 15 May 2019

37 /56



Back to the gap equation at NLO

R CRRIL N Y a(€) + 21(8) +232(8) + 23(6)
N L 12

All diagrams can be computed exactly

Contribution of ¥ 4 originates from LO A(p) (singular):

m(g)ﬂ’,ﬁiﬁ [(i(l—f)‘52) [i”’l_ﬂ * ({f_gg_zgﬂ

where Wy = V(a)+ V(1/2 —a)—2¥(1) + —2In2

1/2—«

Contribution of X1 originates from 2-loop polarization operator in D = 3

[Gracey '93] [Gusynin, Hams & Reenders '01] [Teber '12] [AVK & Teber
'13] (finite):

T©=-20+980  A=T -

Notice: ¢-dependence comes from the fact that we work in a non-local gauge
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The contribution ¥ is singular:

a0+ o[98 (1, 9). (o0
+%+ ¢ — 4§}+(1—§)izv

where 3, is the “complicated” part (depending on I1(c)):

mh(e)  7wh(a+1)
2 2(1/2—«a)

$o(a) = (40 — 1) [W(0) —W'(1/2 - )|+
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The contribution ¥ is singular:

¥ 2% [2+8(2 -3¢ B B (14 2
22(8) = p% '8[ 3 ( +V; — >+4<3(1—§)+€)
28

+5+5 B¢ 45} +(1-€) %o,

where 3, is the “complicated” part (depending on I1(c)):

£a(0) = (40 = 1) [W(e) V(12— o) + 5 4 TS,

Singularities in £ 4(¢) and (&) cancel each other and the sum is finite:
224(€) = Ta(€) +232(6),

Toa() = 21 - 98a(0) - (H-9+ ) # -85 (Sure-¢).
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Finally, the contribution of X3 is finite too:
T5(6) = £3(0, ) + (3+4¢ - 2¢2) 82,
where 3 is the “complicated” part (depending on h(a) and fz(c)):

$3(0,€) = 5 (1+ 86 + €2 +20(1 — €2))wh(a)

+-(1+48—a(1 - &))mh(l +a)

+

AIERENIF N =

(=7 —16¢ + 3¢%) k().
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Finally, the contribution of X3 is finite too:
T5(6) = £3(0, ) + (3+4¢ - 2¢2) 82,
where 3 is the “complicated” part (depending on h(a) and fz(c)):

$3(0,€) = 5 (1+ 86 + €2 +20(1 — €2))wh(a)

+-(1+48—a(1 - &))mh(l +a)

+

AIERENIF N =

(=7 —16¢ + 3¢%) k().

Notice: while 35 is gauge-invariant, 33 depends on &

multi-loop-2019, 15 May 2019
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Gap equation (1)

Combing all previous results yields the exact gap equation:

5

CL st -2+ ofa - (§ - Ferae) o2

1=
L L

3
~s(3a-0-2)].

where S(a, §) contains all the “complicated” parts:

S(,€) = (£3(a, ) +2(1 - )Ta(a) ) /8.
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Gap equation (2)
Previous results show that LO ~ 3 while NLO has ~ 3 and ~ /32
contribution:

L _@+9s 5

P s [esta0 -2 0 - (5- Terae) 2

-89 (3(1—6)—52)}

Extracting terms ~ /3 and ~ (32 from the “complicated” part:

S(0,€) = (£a(0,) +2(1 — O)a(a) ) /8.
yields another, equivalent, gap equation:

1= (2725)B+L2[85( g)—2(2+5)ﬁ5+(§—§) (2+¢) B2

, 4 16
+4ﬁ<f —35—3>]>

where  S(a, €) = <Z3(a £)+2(1 - &)Es(a ))/8 is “the rest” .
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Nash's resummation
The last form of the gap equation

1= CEP Lt -2+ ons+ (5 -¢) (249 2

, 4 16
+4,8<f _35—3>]7

is a convenient starting point to implement a resummation of the
wave-function renormalization constant [Nash '89]

Recall that (A() at LO and A(® at NLO from [Gracey '93]):

A A®?) 2 8 2 N
ATV | ¢ ) Sy B 2 - _g= s
AA L+L2+ ;A 4<3 £>,)\ 8<27+<3 5)“)

Crucial observation: the NLO term ~ 32 is proportional to A1)
(in the gap equation the LO and NLO contain, respectively,
the zeroth and first-order terms in \4)
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Nash's resummation
The last form of the gap equation

1= CEP Lt -2+ ons+ (5 -¢) (249 2

, 4 16
+4,8<f _35—3>]7

is a convenient starting point to implement a resummation of the
wave-function renormalization constant [Nash '89]

Recall that (A() at LO and A(® at NLO from [Gracey '93]):

A A®?) 2 8 2 N
ATV | ¢ ) Sy B 2 - _g= s
AA L+L2+ ;A 4<3 £>,)\ 8<27+<3 5)“)

Crucial observation: the NLO term ~ 32 is proportional to A1)
(in the gap equation the LO and NLO contain, respectively,
the zeroth and first-order terms in \4)
= resum the full expansion of A4 at the level of the gap equation!
(A3 required to achieve NLO accuracy)
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For more details, the beautiful observation of [Nash '89] is that the gap equation

2+85 |

1=
L

+ 25 [85(a &) —22+ 05+ @ - 5) (2+¢

, 4 16
+45 (5 —35—3>},

can be re-written (in Appelquist form [Appelquist et al. '88]):

4G [MEK) ) 4030, Malkilo)]) | Al

LZ(p) Jo Max(IKL,|p) 50" [ Min(IKL. ) E
where Aa,§) =83(0€) 45 (& 446+ 5+ 2250

For resummation:

7 dJk| Z(|k]) AW [Max(&], [pl) *d[k| Z(|k]) [Max(|l]p])]™
AMNHW)%+ l[WMhMJ}%AW%%MJWM%WJ

L
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Gap equation (3)

After resummation, the gap equation reads:

86 , B ([\@ _ 4\ <14 >> Ao, §)
3L+4L2<)\ a0 (F+e) )+ =5

where the LO term is now gauge independent [Nash '89].

More explicitly, our careful analysis shows that:
8
1— 5

i [85( 5)_1365<?+ﬁ>]’

there is a strong suppression of the gauge dependence even at NLO
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Gap equation (3)

After resummation, the gap equation reads:

86 B (@ _4\Q) <14 >> A, §)
3L+4L2<)\ a0 (F+e) )+ =5

where the LO term is now gauge independent [Nash '89].

More explicitly, our careful analysis shows that:

86

i [85( 5)_?5<?+ﬁ>]’

there is a strong suppression of the gauge dependence even at NLO

1=

Implementing [Gusynin & Pyatkovskiy "16]'s prescription yields

1 8 16 /40 . Y
=— —— (=41 =" —x?
5 3L 3L2(9+> =3~

fully gauge invariant gap equation order by order in the 1/N-expansion
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Solve for v (2 standard asymptotics of ¥ (k) = B (k?)~*):

1 128 256 (40 .

Expansion of a in 1/L yields:

a_

16 32(2 28
228

It turns out that: 2a. = 7,,(L) which corresponds to the 1/L? mass
anomalous dimension of [Gracey '93|

For dynamical (wrt explicit) xSB, only one UV asymptotics appears:

¥ (k) ~ pl—vm(L) _ p—206+(L)
such that a4 (L) becomes complex for L. = 28.0981 or N. = 2.85
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Outline

© Mapping between large-N QED3 and reduced QED4 3
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Reduced QED4 3
Fermion field in 2 4+ 1-dimensions and photon field in 3 4+ 1-dimensions:
3.7 3 o 4 1 uv 1

S= [ &x,iby” + | d*x _ZF Fu — —

2§ (aﬂAu)2
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Reduced QED4 3

Fermion field in 2 4+ 1-dimensions and photon field in 3 4+ 1-dimensions:

S= [@xiine + [atx | =L P E - o 0,8

Boundary effective Lagrangian (in 3 dimensions): non-local

N Ll 2 a1 20,0, 5
L:'lZ)aJ(a—'—leA)'lp —ZF’M WFMV"—EAIWA

£ = (1+¢€)/2: gf parameter associated to reduced gauge field A*
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Reduced QED, 3

Fermion field in 2 4+ 1-dimensions and photon field in 3 4+ 1-dimensions:

- 1 1
S= / Bx iy + / d*x [—4 FI Fp, — 5% (9, AM)?
Boundary effective Lagrangian (in 3 dimensions): non-local
- ~ 1 -~ 2 ~ 1 ~, 20,0, =
— o 3 o __ uv T AM nw-v v
£ = (1+¢€)/2: gf parameter associated to reduced gauge field A*

Model known in some form or the other for a long time (under different
names): [Gorbar et al. '01] [Marino '93] [Dorey & Mavromatos '92]
[Kovner & Rosenstein '92] [Kaplan et al. '09]
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Reduced QED, 3

Fermion field in 2 4+ 1-dimensions and photon field in 3 4+ 1-dimensions:
- 1 1
5 = /d3X ’(/}UILD’QZJU + /d4X |:—4 F,UJJ F;U'V - 275 (aMA“)2
Boundary effective Lagrangian (in 3 dimensions): non-local
- ~ 1 -~ 2 ~ 1 ~, 20,0, =
— o 3 o __ uv T AM nw-v v
L_T’D‘”(%M)w 7 mope et o rope A
£ = (1+€)/2: gf parameter associated to reduced gauge field A*

Model known in some form or the other for a long time (under different
names): [Gorbar et al. '01] [Marino '93] [Dorey & Mavromatos '92]
[Kovner & Rosenstein '92] [Kaplan et al. '09]

On the other hand planar Dirac-Weyl liquids, e.g., graphene, have an IR
Lorentz-invariant fixed point as proved long ago by Spanish scientists
[Gonzalez, Guinea & Vozmediano '94]
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General graphene model (massless, with retardation x = v/c):
S = /dtdzx [z;g (i’yoﬁt n wﬁ) b7 — ety AP Ao + e%r&ﬁﬂw}

1 1
+ / dt d3x [—4 F* Fp — % (OHA“)2]

IR fixed point: running v [Gonzalez, Guinea & Vozmediano '94|

—Y2E (1= 32+ 0(%)) (case x — 0)
ﬂv(ag) = 8(1—x) vag 1 19 5
—S (1= (1 =x)+0((1 = x)?)) (case x — 1)
such that
v(n = 200meV) ~ ¢/300 —6 c
=

ag(p =200meV) = e?/(4nhv) ~ 2.2  — «agep = 1/137

u—0
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General graphene model (massless, with retardation x = v/c):
S = /dtdzx [IZU (i’yoﬁt n wv) b7 — ety AP Ao + e%z;ﬁﬁw}

1 1
+ / dt d3x [—4 F* Fp — % (OHA“)2]

IR fixed point: running v [Gonzalez, Guinea & Vozmediano '94|

—Y2E (1= 32+ 0(%)) (case x — 0)
ﬂv(ag) = 8(1—x) vag 1 19 5
—S (1= (1 =x)+0((1 = x)?)) (case x — 1)
such that
v(n = 200meV) ~ ¢/300 —6 c
=

ag(p =200meV) = e?/(4nhv) ~ 2.2  — «agep = 1/137

u—0

Despite apparent simplicity: general model is difficult to solve
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Most studies focus on a simplified model with instantaneous interactions
(non relativistic limit: x = v/c — 0 and ag = 2.2):

5= /dtd2xzﬂg [70 (i0; — eAo) +w-ﬂ W+ % /dtd3x (ﬁAo)2
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Most studies focus on a simplified model with instantaneous interactions
(non relativistic limit: x = v/c — 0 and ag = 2.2):

5= /dtd2xzﬂg [70 (i0; — eAo) +w-ﬂ W+ % /dtd3x (ﬁAo)2

DxSB planar Dirac materials (dynamical gap generation)
e U(4) invariance (Ng = 2 for graphene): sublattice symmetry

@ Breaking U(4) = breaks sublattice symmetry (gap a la BN)
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Most studies focus on a simplified model with instantaneous interactions
(non relativistic limit: x = v/c — 0 and ag = 2.2):
2

- - 1 -
= /dtd2x¢g [70 (i0; — eAo) +w-v} v+ S /dtd3x (VAO)
DxSB planar Dirac materials (dynamical gap generation)

e U(4) invariance (Ng = 2 for graphene): sublattice symmetry
@ Breaking U(4) = breaks sublattice symmetry (gap a la BN)
To study DxSB one needs to compute:

e critical coupling constant ac: DxSB for ag > ac (VINy)
e critical fermion flavour number N.: DxSB for Ny < N and ag — o0
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Most studies focus on a simplified model with instantaneous interactions
(non relativistic limit: x = v/c — 0 and ag = 2.2):
2,7 [0 N v, 1 3. (ea)?

S= [ ded®xd, [7 (i0; — eAo) +1v7-v} U0+ 5 [ dedx (VAO)
DxSB planar Dirac materials (dynamical gap generation)

e U(4) invariance (Ng = 2 for graphene): sublattice symmetry

@ Breaking U(4) = breaks sublattice symmetry (gap a la BN)
To study DxSB one needs to compute:

e critical coupling constant ac: DxSB for ag > ac (VINy)
e critical fermion flavour number N.: DxSB for Ny < N and ag — o0

Experimentally: no gap observed [Elias '11] = expect a > 2.2
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Most studies focus on a simplified model with instantaneous interactions
(non relativistic limit: x = v/c — 0 and ag = 2.2):

5= /dtd2x¢0 [70 (i0; — eAo) +iv7-ﬂ W+ % /dtd3x (6Ao)2

DxSB planar Dirac materials (dynamical gap generation)
e U(4) invariance (Ng = 2 for graphene): sublattice symmetry
@ Breaking U(4) = breaks sublattice symmetry (gap a la BN)

To study DxSB one needs to compute:

e critical coupling constant ac: DxSB for ag > ac (VINy)
e critical fermion flavour number N.: DxSB for Ny < N and ag — o0

Experimentally: no gap observed [Elias '11] = expect a > 2.2
Theoretically: very different results obtained over the years!
[Khveshchenko '01] [Gorbar '02] [Leal '03] [Son '07] [Liu '09] [Gamayun
'09] [Drut '08, '09] [Gonzalez '12, '15] [Buividovich '12, '13] [Popovic '13]
[Katanin '16] (+ many studies with Hubbard-like interactions)
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Last 10 years: different results obtained for a!

ac (Ne) ‘ Method ‘ Year
7.65 SD (LO, dynamic RPA, running v) | 2013
3.7 FRG, Bethe-Salpeter 2016
3.2 < a: <33 | SD (LO, dynamic RPA, running v) | 2012
3.1 SD (LO, bare vertex approximation) | 2015
2.06 SD (LO, dynamic RPA, running v) | 2017
1.62 SD (LO, static RPA) 2002
(3.52) SD (LO) 2009
1.13 (3.6) SD (LO, static RPA, running v) 2008
1.11+0.06 Lattice simulations 2008
0.99 RG study 2012
0.92 SD (LO, dynamic RPA) 2009
0.9+0.2 Lattice simulations 2012
0.833 RG study 2008

Table: Values of a. and N, obtained over the years with different methods.

Critical properties of three-dimensional QED

multi-loop-2019, 15 May 2019

50 / 56



Our approach: focus on the deep IR Lorentz-invariant fixed point where
the system is described by QED4 3 (ultra-relativistic limit with fully
retarded interactions x = v/c — 1 and a = 1/137)

Techniques of massless Feynman diagram calculations apply: attempt to
reach a quantitative understanding of the effect of electron-electron
interactions in this (academic) limit [Teber '12]
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Our approach: focus on the deep IR Lorentz-invariant fixed point where
the system is described by QED4 3 (ultra-relativistic limit with fully
retarded interactions x = v/c — 1 and a = 1/137)

Techniques of massless Feynman diagram calculations apply: attempt to
reach a quantitative understanding of the effect of electron-electron
interactions in this (academic) limit [Teber '12]

Many recent works on QED4 3: quantum Hall physics [Marino et al. "14,
'15], optical properties [Raya et al. '15, '16], 1/2-filled FQHE systems [Son
'15], LKF [Ahmad et al. '16], duality [Hsiao & Son '17], bCFT [Herzog &
Huang '17]...
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Our approach: focus on the deep IR Lorentz-invariant fixed point where
the system is described by QED4 3 (ultra-relativistic limit with fully
retarded interactions x = v/c — 1 and a = 1/137)

Techniques of massless Feynman diagram calculations apply: attempt to
reach a quantitative understanding of the effect of electron-electron
interactions in this (academic) limit [Teber '12]

Many recent works on QED4 3: quantum Hall physics [Marino et al. "14,
'15], optical properties [Raya et al. '15, '16], 1/2-filled FQHE systems [Son
'15], LKF [Ahmad et al. '16], duality [Hsiao & Son '17], bCFT [Herzog &
Huang '17]...

Early work on DxSB in QED4 3 (at LO): [Gorbar, Gusynin & Miransky '01]

@ laboratory to study DySB in lower dimensional brane theories
o ac ~ 055 (for N =2) and N, = 128/(372) ~ 4.32 (for @ — )
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Our approach: focus on the deep IR Lorentz-invariant fixed point where
the system is described by QED4 3 (ultra-relativistic limit with fully
retarded interactions x = v/c — 1 and a = 1/137)

Techniques of massless Feynman diagram calculations apply: attempt to
reach a quantitative understanding of the effect of electron-electron
interactions in this (academic) limit [Teber '12]

Many recent works on QED4 3: quantum Hall physics [Marino et al. "14,
'15], optical properties [Raya et al. '15, '16], 1/2-filled FQHE systems [Son
'15], LKF [Ahmad et al. '16], duality [Hsiao & Son '17], bCFT [Herzog &
Huang '17]...

Early work on DxSB in QED4 3 (at LO): [Gorbar, Gusynin & Miransky '01]

@ laboratory to study DxSB in lower dimensional brane theories
o ac ~ 055 (for N =2) and N, = 128/(372) ~ 4.32 (for @ — )

Extend the study of [Gorbar, Gusynin & Miransky '01] to NLO
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Mapping [AVK & Teber '16]
large-N QED3 (coupling ~ 1/N) and QED, 3 (coupling a = €?/(47))

Origin of the mapping: photon propagators have the same form

p!'p”

DY ( ) d/w(77/2) DKV ( ) d/“’(ﬁ) d,uz/( ) p2

. v
RQED(P 210 QeD3(P Tl n)=g" —n

Both theories have power counting similar to four-dimensional ones
and are scale (conformal) invariant
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Mapping [AVK & Teber '16]
large-N QED3 (coupling ~ 1/N) and QED, 3 (coupling a = €?/(47))

Origin of the mapping: photon propagators have the same form

p!'p”
p2

v d"(n/2) v da" (i) v
DlsQED() W’ DSEm() W d"(n) =g"" —n

Both theories have power counting similar to four-dimensional ones
and are scale (conformal) invariant

Transformations (from large-N QED to reduced QED, 3)

1 a e . N ~  14¢
(=@ & @ 172 (“z
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All our results for large-N QED can then be translated to QED4 3
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All our results for large-N QED can then be translated to QED4 3

A check: from Gracey's result [Gracey '93] for the NLO fermion
anomalous dimension in QED3 we recover the result of [AVK & Teber '14]

2 .\ 8 /(8 (2 A\
w21 (396 (G (B9t rou
Sy = 27 T?’g _16 <§2N+ 247> (%)24-0((13)
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All our results for large-N QED can then be translated to QED4 3

A check: from Gracey's result [Gracey '93] for the NLO fermion
anomalous dimension in QED3 we recover the result of [AVK & Teber '14]

w198 (34 (-9n) oo

3 2
= Yy = 2— Tg —16 <C2/V + 27) (E) +0(a?)

For DXSB: while N is discrete (integer), a is continuous (real)
At NLO + Nash's resummation + RPA (using Gusynin's prescription):

ac(N=2)=122, @ (N=1)=0.6229
N = 3.04

Surprisingly a. is of the same order as in the non-relativistic limit...

Critical properties of three-dimensional QED multi-loop-2019, 15 May 2019 53 / 56



ac (Ne) Method Year
7.65 SD (LO, dynamic RPA, running v) 2013
3.7 FRG, Bethe-Salpeter 2016
32<ac<33 SD (LO, dynamic RPA, running v) 2012
3.1 SD (LO, bare vertex approximation) 2015
2.06 SD (LO, dynamic RPA, running v) 2017
1.62 SD (LO, static RPA) 2002
ac =1.22 SD (NLO, RPA, resummation, v/c — 1) | 2016
N. =3.04
(3.52) SD (LO) 2009
1.13 (3.6) SD (LO, static RPA, running v) 2008
1.11£0.06 Lattice simulations 2008
0.99 RG study 2012
0.92 SD (LO, dynamic RPA) 2009
0.9+0.2 Lattice simulations 2012
0.833 RG study 2008
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Outline

@ Conclusion
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Conclusion
We have studied dynamical “chiral” (flavour) symmetry breaking in QED3
with N four-component fermions solving the Schwinger-Dyson gap
equation in the large-N limit (+ extension to QED4 3 via a new mapping)
@ the LO and NLO in the 1/N-expansion were computed exactly
@ all calculations were carried out in an arbitrary non-local gauge
@ Nash's resummation of the wave function renormalization at the level
of the gap equation was implemented
@ a complete suppression of the gauge dependence of N, at NLO was
proved using Gusynin's prescription [Gusynin & Pyatkovskiy '16]
» exact NLO + resummation: N, = 2.85
(in perfect agreement with [Gusynin & Pyatkovskiy '16])

» increasing support for the stability of the critical point
» suggests that DxSB should take place for integer values N < 2

Powerful fully gauge-invariant approach
that may be extended (if needed) to NNLO
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