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@ QFT and critical phenomena

@ 1/N expansion:
self-consistency equations, conformal bootstrap, etc.

@ MS like scheme:
technical details and recent results



QFT and critical phenomena

@ Systems at the phase transition point.
Observables are critical exponents: (A(z)A(0)) ~ |z|~2
Universality: {A} depend only on the characteristics of the critical point.

Different physical systems have the same critical behavior

e K. Wilson, 1973 : € expansion
QFT in d = 4 — 2¢ dimensions can be used to describe phase transitions.

The coupling constant depends on the scale

ML 5o Blen(e)e) =0

g« (€) is a critical coupling, g« ~ € +— perturbative methods
The critical exponents A(e) = (g« (€), €).
Ale) = Ao+ Are+Ase® +... e 1/2.
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QFT and critical phenomena

Huge progress in the area of multi-loop calculations:

o QCD 5-loops
Baikov, Chetyrkin, Kiihn, Vermaseren, Herzog, Ruijl, ...

e " 6-loops
Kompaniets, Panzer, Batkovich, Chetyrkin, .. ..

There are alternative approaches to calculation of critical indices:
@ Numerical methods
@ Analytic methods for low dimensional systems /2d CFT, Polyakov, Zamolodchikov,....
@ Conformal bootstrap methods / Showk, Paulos, Poland, Rychkov, Simmons-Duffin,...

@ 1/N expansion

A.N. Manashov (Hamburg) 1/N expansion Multi-Loop-2019, Paris, 15.05.19 4/29



. N
N component p* model vs nonlinear ¢ model: p? = Zi:l <p?
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o field propagator: (2u = D)
D) ~ NG (14 575) ~ NG

Both theories are in the same universality class.



. N
N component p* model vs nonlinear ¢ model: p? = Zi:l <p?

1 g
S — dD <_ ) 2 I 2 2)
24(p) / T 2( ) +2N(<p)
critical at p
g €
* = = O .
U= ez~ Ngs T O©

S,4(9) v S(p,0) = / o300 100 )
o field propagator: (2u = D)
D7) ~ NGH 2 (1457 /9) ~ NG

Both theories are in the same universality class.



One can compute the critical indices in l/N expansion in D dimensions:
A(D) = Ao(D) + A1(D) +ty A2(D) +-

The functions Ay (D) contain information on contributions ¢? /N* in perturbative expansion,
p is arbitrary.

RG functions in the M S scheme do not depend on dimension D

v(g) = Mﬁ InZ(e,g) =Y, (N
At the critical point
Y(g) = v(gx) = D W (N)gk(e) gi(€) ~e/N +...



Critical dimension A(D) = Acan + (g« )-

Comparing MS and 1/N
A(D) =3, e (N)gk(e) (MS)

A(D) =30, 1/N*FAk(e) (1/N)
The expansion coefficients v () are polynomials in N:
Y(N) = e N + vt N1 4 Ly N+ Yo
= N* (vk + Yk-1/N + .. yr0/N¥)

Additional check of perturbative calculations.

Vasil’ev, Pis’'mak, Honkonen, 83, v, at 1/N3 in o model

Vasil’ev, Derkachov, Kivel, Stepanenko, 93; Gracey 94, ~4 at 1/N3 in GN model,

Interpolation between 2 + ¢ and 4 — €.



@ Self-consistency equations
[Schwinger-Dyson equations with dressed propagators]
Vasil’ev, Pis'mak, Honkonen, 83, v, at 1/N2.

J. Gracey, Application to different models (including gauge theories)

@ Conformal bootstrap
[Schwinger-Dyson equations with dressed propagators and vertices]
Vasil'ev, Pis’'mak, Honkonen, 83, v, at 1/N3 in o model,

Vasil'ev, Derkachov, Kivel, Stepanenko, 93; Gracey 94, ~4 at 1/N3 in GN model,

@ "MS scheme"
Vasil'ev, Nalimov, 83, Analog of dimensional regularization: D, (p) = 1/p2(k=2+2),
Vasil'ev, Stepanenko, 93; Derkachov, A.M, 97

Up to 1/N? order the critical indices can be calculated via Z factors.

R Nty (e G D e O e G e D)



Schwinger-Dyson equations with dressed propagators:

A7 p(a)z 2P 4 ABx™2 ) =9 BTlp(B)a 2P L NA%z T =0
where
D T'(a)I'(D — a)
[(D/2 — a)l(a— D/2)

pla) =m~




p__ T(@I'(D-a
['(D/2 — a)l(a — D/2)

pla) =7"

The amplitudes A, B can be excluded and one gets equation on indices:

pla)+u=0 2p(B)/N +u =0 u=A’B 2a+pB=D=2u

p(a) =2p(B)/N

4 r(2u —2)
NTQ2—=pl(p—2)(p =10 (p+1)

17:



Schwinger-Dyson equations with dressed propagators and vertices: Structure of a three
point correlator is fixed by the conformal symmetry

/5\%

A A A

+ six more diagrams (to determine n with 1/N*® accuracy).




Vasil’ev, Pis’'mak, Honkonen, 83, index n at l/N3 in 0 model,
Vasil’ev, Derkachov, Kivel, Stepanenko, 93; Gracey 94, index n at l/N3 in GN model,
Vasil’ev, Stepanenko, 93, index 1/v at l/N2 in GN model,

Pismensky, 2015, index n at €* in ©3 model,

J. Gracey,

Conformal Methods for Massless Feynman Integrals and Large Nf Methods, 17
Large Nf quantum field theory, 13



Vasil’ev, Nalimov, 83

S(p,0) =/Dw(%(atp)2+a<p2) —

=/Dw( S0 + %a(w)/DyKA(w—y)c(yH ou? - %a(z)/DyK(z—y)a(y))

Ka(z) = A/(x2)D_2(M2:E2)A. K cancels the simple loop insertion of ¢ field in the

propagator of o field.
AN ONNAN + WVOMA =0

The model is renormalizable, but not multiplicatively renormalizable,
Sr(p,0) # S(po,00)
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Vasil’ev, Nalimov, 83
S(p,0) = /Dw(%(aw)z +a¢2) —

1 s 1 s 1
= [ Da(2150¢)° +uz0(@) | DyKa(e =)o) + Z200® ~vso(@) | DyK( = )ow))
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Extended model: S(p,0) = S(p,o,u,v)  S(p,0)=8(p,0,u=10v=1)
Divergencies appears as poles in A
RG equations

(MaM + ,Buau + ﬂvav + ’YF)F(U"U;pi) =0

— du _ dv
Bu= M g, — M

Bu=Bv =7 #0



o field propagator

_ 1 _ oo _ —m
Dos) = B/@*)*~2 = Da(e) = —B/(e*)* "2 £, (32)" (@)
—Llp/2e-a (1 + (”—_1) 728 +)
u u
RG equation contains I'(u, v) and the derivative (9y, + 9y)I'(u,v).

_ 1B m
A=0/ \ _ oo -1\™ _ B 1
Dy (x) = sy Zm:O (Uu ) = Itu—v

In 1/N expansion:
1
T'(u,v) =To(u—v)+ Ff‘l(u,v) +...

Vasil’ev, Nalimov, 83: I'(u,v) = I'(u — v) in the MOM scheme.

(MaM + 'yp) T'(u—wv,p;) =0 ~r is the scaling dimension of the correlator.

In any other scheme
I(u,v,p) = Z(u,v)I'(u — v, p) Bu(u + 80)T(u, v, p) = AyrT(u, v, p)
Ay = By(Bu + 8y) log Z.



Minimal subtraction scheme: Z = Zn Zn[A™: T'(u,v) #T'(u—)

dlog Z

= M
7 #Ar FIYi

S. Derkachov, A.M., 98
MS scheme
1

Nng(u,v)+...

I'(u,v) =To(u—v)+ %Fl(u —v)+

T —Ar = O(1/N?).

Ar = —2 E Ng; X Zi,1(= simple pole residue)
Ty



The self-energy and vertex correction diagrams resummation :

EXTREN

The dressed propagators and vertices have the form

Dy(w) = /2>, Do(x) = B/a*™

and
VR(2,2,y) = Tope(z2,y) = Z(z = 0) >z —y) (@ —y) .
Here
Ap=p—1+7p, Ao =2+,

a=p—1—7/2, B=2—7v,+7/2.

Uniqueness condition:
a+f+ADp=D 200+ Ay =D



Star-triangle relation a + 8+ v = D = 2p.

=mla(a, 8,7)

o =p—a  a(aB,y) = al@a(B)a(), ale) = T'(x = a)/T(a).

The diagram with the dressed vertices and propagators has only a surface divergence:

R
D=—+F
A +
OVSE4+V = 571/N+572/N2 +...= 2R

This trick reduces the number of diagrams and greatly simplifies calculations.



Example: o2 operator: D(A)=—R+...
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MS-like scheme

@ Anomalous dimensions via Z-factors

@ Dressed propagators and vertices (+ star-triangle relation)

@ Critical dimensions of o and non-singlet twist two operators ¢(®38)"¢ in the nonlinear o
model (NSM), Derkachov, A.M, 98

@ v, in QCD at 1/N2, Ciuchini, Derkachov, Gracey, A.M, 99
@ Twist two singlet operators g(®9)™q in the Gross-Neveu model Skvortsov, A.M, 16
@ Twist two singlet operators ¢(®9)™¢ in the NSM Skvortsov, Strohmaier, A.M, 17
@ o3 and 6020 in the GN model, Strohmaier, A.M, 17

Zerf, Mihaila, Marquard, Herbut, Scherer, 17

Four-loop critical exponents for the Gross-Neveu-Yukawa models:
two couplings, 91,92, Br(9q:92), k=1,2, wi = 8y, Br(91,92)-

A.N. Manashov (Hamburg) 1/N expansion Multi-Loop-2019, Paris, 15.05.19 20/29



Klebanov, Polyakov, 2002 the vector O(N) model is dual to HST AdS4. (Conjecture)
Leigh, Petkou, 2003 GN model

Js = Jpq .. ps = POy - - Ou, e + total derivatives (NLS)
Js = Jpq. s = @Yy Oug - - - Oug q + total derivatives (GN)
m?:mﬁ(s)—i—ém?, mg(s)z(d+s—2)(s—2)—s, (Smiz'ys(d—4+2s+'ys).

Muta and Popovic, 77 (GN-model)
ulpw —1) )
js(js - 1) ’
p(p—1) (1 L LCr- DG - u+2)))
js(js_l) pn—1 F(Js“l‘l"_z)

1
Yns(8) = —nGN (1 -
n

v(s) = %ﬂcN (1 -

Jjs=s+p—1.

Lang and Ruhl, 99 (NLS-model) In the leading order in 1/n (up to ngn — NNsM)

YNsm(s) =van(s)



Gribov Lipatov reciprocity relaion — Large j asymptotic of anomalous dimensions
Dokshitzer, Marchesini, Salam, 06, Basso, Korchemsky, 07

M =g (js " %%) s~ (j ) Z (J(Jai D)L

A(5) = F10) + 5 GG + F2Ge) + .

Alday, Zhiboedov, 17

Proof based on: conformal bootstrap + crossing symmetry + unitarity



LO diagrams:

=
£ 6

NLO non-singlet diagrams




NLO singlet diagrams:

Any diagram without divergent subgraphs has the “reciprocity”" property.




v(s) = £@) = n(1+ LG+ A1HG)) + 07 (15 G) + Bf2()) +0(1/n®),
where j = s +p — 1+ ~(s)/2

Tp—1) TG —p+2)
-1 TG+u-2)"

Af1(5) = f10G)

For the function A f2(j) we obtained

] 2p —1

Af2() = Af <j>{— [6() - ww] - ==

(26w = W) = 2 (w2 - ) —vw)

1 1 (2p —3)(3u — 1) 4 1 i 1 1
2jG -1 2-DG-—p+1)0G+pr—-2) w-1)2 2p(p-1)

Y (‘)(w<1— ) - —1)—2+L)
27t RS G-rtDG+r-2)
1

1
— ZAfG — ) — — - -
3 f1(J)(w(2 K) = (p) =1+ Y E——

B 3G -1
(=1DG —r+1DG-2+p)

(¥ + 0 = (1) = TG0 ) } :



where
V() =9 —2+w) + 90 +2—p) - 29(0)

and

1
r(j . 1,1
() = @ dun =2 by |_§>
Ph =G +2-mG+nr=2 J jtu—11 @

1 rGe2em 1 [  TG-wt1-1
Tt rGreoman | T OEOTREOTEOR R

100




m

2
7(8) = Tnts) + (%) () + ..

8
InD=3 n1:3?and
2(s —2)
2s —1

3 3252 (1357 + 145+ 6) log(2) 3 3 (o (5.3 _g (5.1
(el G e —ametys(leta) o gt

m(s) =

)

s 2 4
—1 —3s 52 S S S S
+w(51(5>—51( ;1)_sl(s+1))_w%(s+%)
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om?2 :2n(s—2)(1+7]%(s)+...).

At large spin x(s) = %1"% + o

2.5

20

0.5

0.0

10 20 30 40
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@ 1/N methods provide a nontrivial check of perturbative calculations.

@ "MS like scheme" is very effective up to 1/N? order.
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