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Feynman Integrals
the amplitude.

L-loop amplitudes are typically represented by Feynman diagrams, and
each Feynman diagram corresponds to a Feynman integral. Feynman inte-
grals are the main object of study of this review.

The generic form of an L-loop Feynman integral is
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where Di stand for the propagators which are raised to powers ⌫i 2 Z,
DD`i are the integration measure of the loop momenta in D dimensions
and Tµ1···µn is a Lorentz tensor structure. The result of the integral is a
Lorentz-invariant function of the Mandelstam invariants sij and masses of
the internal propagators, m2

i .
Very often, Feynman integrals are not straightforward to compute in the

way they are defined in eq. (2.2). First of all, depending on the space-time
dimension D the integrals may develop IR or UV divergences. One way
to regulate these divergences which is employed here is using dimensional
regularisation, i.e. we take D = d � 2✏ where d 2 Z and ✏ ! 0. This
way, both IR and UV divergences show up as poles in ✏ which must be
dealt with using renormalisation (in the case of UV) or IR subtraction (in
the case of complete amplitudes). Moreover, Feynman integrals are gener-
ally hard to compute, and alternative representations are often employed
in real calculations, such as Mellin-Barnes representation [] and Feynman
parametrisation.

Another powerful technique to compute Feynman integrals is by means
of di↵erential equations. In a nutshell, Feynman integrals (2.2) are not
all independent but satisfy relations called integration-by-parts identities,
or IBP for short. These relations can be derived by considering a total
derivative of the integral
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While the left-hand-side of the equations is a boundary term, the derivative
on the right-hand-side hits all the propagators depending on `i and produce
a combination of the same integrals but with the exponents ⌫i changed. The
set of integrals which di↵er only in the powers of the propagators is called
an integral family. Solving the IBP identities results in a way to decompose
all Feynman integrals from a given family in terms of a subset of them,
called master integrals. The procedure of generating IBPs and decomposing
integrals in the basis of master integrals is called integral reduction. It is
time- and resource-consuming tasks, and many e↵orts are put in finding a
good basis for master integrals such that the reductions are simpler and the
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Integrating Feynman integrals requires a lot of creativity:

D = Dint − 2 ϵ
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•    UV/IR divergences — dimensional regularisation:  

•    Feynman parameters  

•    Integration-by-parts identities among integrals 

•    Independent integrals are called master integrals 

•    Differential equations for master integrals (also in canonical form) 

— Kotikov ’91 / Remiddi ’97 / Gehrmann, Remiddi ’99 / Henn ’13  — 

Solution in terms of iterated integrals

Matrix of differential forms

dF = ✏ dAF
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•    They evaluate to “special functions” which contain physical     
information in their analytic structure

It helps if you understand properties of the result:

P
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<latexit sha1_base64="wwZ2JSvenl5EN7AJOG7FRKn9FjI=">AAAB83icbZDNSgMxFIXv1L9a/6ou3QSLUDdlZhB0IxTduKxga6GdlkyaaUOTzJBkhDL0Ndy4UMStL+POtzFtZ6GtBwIf597LvTlhwpk2rvvtFNbWNza3itulnd29/YPy4VFLx6kitEliHqt2iDXlTNKmYYbTdqIoFiGnj+H4dlZ/fKJKs1g+mElCA4GHkkWMYGOtbqPno2tU9cV5z++XK27NnQutgpdDBXI1+uWv7iAmqaDSEI617nhuYoIMK8MIp9NSN9U0wWSMh7RjUWJBdZDNb56iM+sMUBQr+6RBc/f3RIaF1hMR2k6BzUgv12bmf7VOaqKrIGMySQ2VZLEoSjkyMZoFgAZMUWL4xAImitlbERlhhYmxMZVsCN7yl1eh5dc8y/cXlfpNHkcRTuAUquDBJdThDhrQBAIJPMMrvDmp8+K8Ox+L1oKTzxzDHzmfPy2zj88=</latexit><latexit sha1_base64="wwZ2JSvenl5EN7AJOG7FRKn9FjI=">AAAB83icbZDNSgMxFIXv1L9a/6ou3QSLUDdlZhB0IxTduKxga6GdlkyaaUOTzJBkhDL0Ndy4UMStL+POtzFtZ6GtBwIf597LvTlhwpk2rvvtFNbWNza3itulnd29/YPy4VFLx6kitEliHqt2iDXlTNKmYYbTdqIoFiGnj+H4dlZ/fKJKs1g+mElCA4GHkkWMYGOtbqPno2tU9cV5z++XK27NnQutgpdDBXI1+uWv7iAmqaDSEI617nhuYoIMK8MIp9NSN9U0wWSMh7RjUWJBdZDNb56iM+sMUBQr+6RBc/f3RIaF1hMR2k6BzUgv12bmf7VOaqKrIGMySQ2VZLEoSjkyMZoFgAZMUWL4xAImitlbERlhhYmxMZVsCN7yl1eh5dc8y/cXlfpNHkcRTuAUquDBJdThDhrQBAIJPMMrvDmp8+K8Ox+L1oKTzxzDHzmfPy2zj88=</latexit><latexit sha1_base64="wwZ2JSvenl5EN7AJOG7FRKn9FjI=">AAAB83icbZDNSgMxFIXv1L9a/6ou3QSLUDdlZhB0IxTduKxga6GdlkyaaUOTzJBkhDL0Ndy4UMStL+POtzFtZ6GtBwIf597LvTlhwpk2rvvtFNbWNza3itulnd29/YPy4VFLx6kitEliHqt2iDXlTNKmYYbTdqIoFiGnj+H4dlZ/fKJKs1g+mElCA4GHkkWMYGOtbqPno2tU9cV5z++XK27NnQutgpdDBXI1+uWv7iAmqaDSEI617nhuYoIMK8MIp9NSN9U0wWSMh7RjUWJBdZDNb56iM+sMUBQr+6RBc/f3RIaF1hMR2k6BzUgv12bmf7VOaqKrIGMySQ2VZLEoSjkyMZoFgAZMUWL4xAImitlbERlhhYmxMZVsCN7yl1eh5dc8y/cXlfpNHkcRTuAUquDBJdThDhrQBAIJPMMrvDmp8+K8Ox+L1oKTzxzDHzmfPy2zj88=</latexit><latexit sha1_base64="wwZ2JSvenl5EN7AJOG7FRKn9FjI=">AAAB83icbZDNSgMxFIXv1L9a/6ou3QSLUDdlZhB0IxTduKxga6GdlkyaaUOTzJBkhDL0Ndy4UMStL+POtzFtZ6GtBwIf597LvTlhwpk2rvvtFNbWNza3itulnd29/YPy4VFLx6kitEliHqt2iDXlTNKmYYbTdqIoFiGnj+H4dlZ/fKJKs1g+mElCA4GHkkWMYGOtbqPno2tU9cV5z++XK27NnQutgpdDBXI1+uWv7iAmqaDSEI617nhuYoIMK8MIp9NSN9U0wWSMh7RjUWJBdZDNb56iM+sMUBQr+6RBc/f3RIaF1hMR2k6BzUgv12bmf7VOaqKrIGMySQ2VZLEoSjkyMZoFgAZMUWL4xAImitlbERlhhYmxMZVsCN7yl1eh5dc8y/cXlfpNHkcRTuAUquDBJdThDhrQBAIJPMMrvDmp8+K8Ox+L1oKTzxzDHzmfPy2zj88=</latexit>

Pole at: Threshold starting at:

m
<latexit sha1_base64="M/Igs9pa/S+IQGf6QFykD3Bj0hw=">AAAB6HicbZBNSwMxEIZn/az1q+rRS7AInsquCHosevHYgv2AdinZdNrGJtklyQpl6S/w4kERr/4kb/4b03YP2vpC4OGdGTLzRongxvr+t7e2vrG5tV3YKe7u7R8clo6OmyZONcMGi0Ws2xE1KLjChuVWYDvRSGUksBWN72b11hNqw2P1YCcJhpIOFR9wRq2z6rJXKvsVfy6yCkEOZchV65W+uv2YpRKVZYIa0wn8xIYZ1ZYzgdNiNzWYUDamQ+w4VFSiCbP5olNy7pw+GcTaPWXJ3P09kVFpzERGrlNSOzLLtZn5X62T2sFNmHGVpBYVW3w0SAWxMZldTfpcI7Ni4oAyzd2uhI2opsy6bIouhGD55FVoXlYCx/WrcvU2j6MAp3AGFxDANVThHmrQAAYIz/AKb96j9+K9ex+L1jUvnzmBP/I+fwDVj4zx</latexit><latexit sha1_base64="M/Igs9pa/S+IQGf6QFykD3Bj0hw=">AAAB6HicbZBNSwMxEIZn/az1q+rRS7AInsquCHosevHYgv2AdinZdNrGJtklyQpl6S/w4kERr/4kb/4b03YP2vpC4OGdGTLzRongxvr+t7e2vrG5tV3YKe7u7R8clo6OmyZONcMGi0Ws2xE1KLjChuVWYDvRSGUksBWN72b11hNqw2P1YCcJhpIOFR9wRq2z6rJXKvsVfy6yCkEOZchV65W+uv2YpRKVZYIa0wn8xIYZ1ZYzgdNiNzWYUDamQ+w4VFSiCbP5olNy7pw+GcTaPWXJ3P09kVFpzERGrlNSOzLLtZn5X62T2sFNmHGVpBYVW3w0SAWxMZldTfpcI7Ni4oAyzd2uhI2opsy6bIouhGD55FVoXlYCx/WrcvU2j6MAp3AGFxDANVThHmrQAAYIz/AKb96j9+K9ex+L1jUvnzmBP/I+fwDVj4zx</latexit><latexit sha1_base64="M/Igs9pa/S+IQGf6QFykD3Bj0hw=">AAAB6HicbZBNSwMxEIZn/az1q+rRS7AInsquCHosevHYgv2AdinZdNrGJtklyQpl6S/w4kERr/4kb/4b03YP2vpC4OGdGTLzRongxvr+t7e2vrG5tV3YKe7u7R8clo6OmyZONcMGi0Ws2xE1KLjChuVWYDvRSGUksBWN72b11hNqw2P1YCcJhpIOFR9wRq2z6rJXKvsVfy6yCkEOZchV65W+uv2YpRKVZYIa0wn8xIYZ1ZYzgdNiNzWYUDamQ+w4VFSiCbP5olNy7pw+GcTaPWXJ3P09kVFpzERGrlNSOzLLtZn5X62T2sFNmHGVpBYVW3w0SAWxMZldTfpcI7Ni4oAyzd2uhI2opsy6bIouhGD55FVoXlYCx/WrcvU2j6MAp3AGFxDANVThHmrQAAYIz/AKb96j9+K9ex+L1jUvnzmBP/I+fwDVj4zx</latexit><latexit sha1_base64="M/Igs9pa/S+IQGf6QFykD3Bj0hw=">AAAB6HicbZBNSwMxEIZn/az1q+rRS7AInsquCHosevHYgv2AdinZdNrGJtklyQpl6S/w4kERr/4kb/4b03YP2vpC4OGdGTLzRongxvr+t7e2vrG5tV3YKe7u7R8clo6OmyZONcMGi0Ws2xE1KLjChuVWYDvRSGUksBWN72b11hNqw2P1YCcJhpIOFR9wRq2z6rJXKvsVfy6yCkEOZchV65W+uv2YpRKVZYIa0wn8xIYZ1ZYzgdNiNzWYUDamQ+w4VFSiCbP5olNy7pw+GcTaPWXJ3P09kVFpzERGrlNSOzLLtZn5X62T2sFNmHGVpBYVW3w0SAWxMZldTfpcI7Ni4oAyzd2uhI2opsy6bIouhGD55FVoXlYCx/WrcvU2j6MAp3AGFxDANVThHmrQAAYIz/AKb96j9+K9ex+L1jUvnzmBP/I+fwDVj4zx</latexit>

m
<latexit sha1_base64="M/Igs9pa/S+IQGf6QFykD3Bj0hw=">AAAB6HicbZBNSwMxEIZn/az1q+rRS7AInsquCHosevHYgv2AdinZdNrGJtklyQpl6S/w4kERr/4kb/4b03YP2vpC4OGdGTLzRongxvr+t7e2vrG5tV3YKe7u7R8clo6OmyZONcMGi0Ws2xE1KLjChuVWYDvRSGUksBWN72b11hNqw2P1YCcJhpIOFR9wRq2z6rJXKvsVfy6yCkEOZchV65W+uv2YpRKVZYIa0wn8xIYZ1ZYzgdNiNzWYUDamQ+w4VFSiCbP5olNy7pw+GcTaPWXJ3P09kVFpzERGrlNSOzLLtZn5X62T2sFNmHGVpBYVW3w0SAWxMZldTfpcI7Ni4oAyzd2uhI2opsy6bIouhGD55FVoXlYCx/WrcvU2j6MAp3AGFxDANVThHmrQAAYIz/AKb96j9+K9ex+L1jUvnzmBP/I+fwDVj4zx</latexit><latexit sha1_base64="M/Igs9pa/S+IQGf6QFykD3Bj0hw=">AAAB6HicbZBNSwMxEIZn/az1q+rRS7AInsquCHosevHYgv2AdinZdNrGJtklyQpl6S/w4kERr/4kb/4b03YP2vpC4OGdGTLzRongxvr+t7e2vrG5tV3YKe7u7R8clo6OmyZONcMGi0Ws2xE1KLjChuVWYDvRSGUksBWN72b11hNqw2P1YCcJhpIOFR9wRq2z6rJXKvsVfy6yCkEOZchV65W+uv2YpRKVZYIa0wn8xIYZ1ZYzgdNiNzWYUDamQ+w4VFSiCbP5olNy7pw+GcTaPWXJ3P09kVFpzERGrlNSOzLLtZn5X62T2sFNmHGVpBYVW3w0SAWxMZldTfpcI7Ni4oAyzd2uhI2opsy6bIouhGD55FVoXlYCx/WrcvU2j6MAp3AGFxDANVThHmrQAAYIz/AKb96j9+K9ex+L1jUvnzmBP/I+fwDVj4zx</latexit><latexit sha1_base64="M/Igs9pa/S+IQGf6QFykD3Bj0hw=">AAAB6HicbZBNSwMxEIZn/az1q+rRS7AInsquCHosevHYgv2AdinZdNrGJtklyQpl6S/w4kERr/4kb/4b03YP2vpC4OGdGTLzRongxvr+t7e2vrG5tV3YKe7u7R8clo6OmyZONcMGi0Ws2xE1KLjChuVWYDvRSGUksBWN72b11hNqw2P1YCcJhpIOFR9wRq2z6rJXKvsVfy6yCkEOZchV65W+uv2YpRKVZYIa0wn8xIYZ1ZYzgdNiNzWYUDamQ+w4VFSiCbP5olNy7pw+GcTaPWXJ3P09kVFpzERGrlNSOzLLtZn5X62T2sFNmHGVpBYVW3w0SAWxMZldTfpcI7Ni4oAyzd2uhI2opsy6bIouhGD55FVoXlYCx/WrcvU2j6MAp3AGFxDANVThHmrQAAYIz/AKb96j9+K9ex+L1jUvnzmBP/I+fwDVj4zx</latexit><latexit sha1_base64="M/Igs9pa/S+IQGf6QFykD3Bj0hw=">AAAB6HicbZBNSwMxEIZn/az1q+rRS7AInsquCHosevHYgv2AdinZdNrGJtklyQpl6S/w4kERr/4kb/4b03YP2vpC4OGdGTLzRongxvr+t7e2vrG5tV3YKe7u7R8clo6OmyZONcMGi0Ws2xE1KLjChuVWYDvRSGUksBWN72b11hNqw2P1YCcJhpIOFR9wRq2z6rJXKvsVfy6yCkEOZchV65W+uv2YpRKVZYIa0wn8xIYZ1ZYzgdNiNzWYUDamQ+w4VFSiCbP5olNy7pw+GcTaPWXJ3P09kVFpzERGrlNSOzLLtZn5X62T2sFNmHGVpBYVW3w0SAWxMZldTfpcI7Ni4oAyzd2uhI2opsy6bIouhGD55FVoXlYCx/WrcvU2j6MAp3AGFxDANVThHmrQAAYIz/AKb96j9+K9ex+L1jUvnzmBP/I+fwDVj4zx</latexit>

m
<latexit sha1_base64="M/Igs9pa/S+IQGf6QFykD3Bj0hw=">AAAB6HicbZBNSwMxEIZn/az1q+rRS7AInsquCHosevHYgv2AdinZdNrGJtklyQpl6S/w4kERr/4kb/4b03YP2vpC4OGdGTLzRongxvr+t7e2vrG5tV3YKe7u7R8clo6OmyZONcMGi0Ws2xE1KLjChuVWYDvRSGUksBWN72b11hNqw2P1YCcJhpIOFR9wRq2z6rJXKvsVfy6yCkEOZchV65W+uv2YpRKVZYIa0wn8xIYZ1ZYzgdNiNzWYUDamQ+w4VFSiCbP5olNy7pw+GcTaPWXJ3P09kVFpzERGrlNSOzLLtZn5X62T2sFNmHGVpBYVW3w0SAWxMZldTfpcI7Ni4oAyzd2uhI2opsy6bIouhGD55FVoXlYCx/WrcvU2j6MAp3AGFxDANVThHmrQAAYIz/AKb96j9+K9ex+L1jUvnzmBP/I+fwDVj4zx</latexit><latexit sha1_base64="M/Igs9pa/S+IQGf6QFykD3Bj0hw=">AAAB6HicbZBNSwMxEIZn/az1q+rRS7AInsquCHosevHYgv2AdinZdNrGJtklyQpl6S/w4kERr/4kb/4b03YP2vpC4OGdGTLzRongxvr+t7e2vrG5tV3YKe7u7R8clo6OmyZONcMGi0Ws2xE1KLjChuVWYDvRSGUksBWN72b11hNqw2P1YCcJhpIOFR9wRq2z6rJXKvsVfy6yCkEOZchV65W+uv2YpRKVZYIa0wn8xIYZ1ZYzgdNiNzWYUDamQ+w4VFSiCbP5olNy7pw+GcTaPWXJ3P09kVFpzERGrlNSOzLLtZn5X62T2sFNmHGVpBYVW3w0SAWxMZldTfpcI7Ni4oAyzd2uhI2opsy6bIouhGD55FVoXlYCx/WrcvU2j6MAp3AGFxDANVThHmrQAAYIz/AKb96j9+K9ex+L1jUvnzmBP/I+fwDVj4zx</latexit><latexit sha1_base64="M/Igs9pa/S+IQGf6QFykD3Bj0hw=">AAAB6HicbZBNSwMxEIZn/az1q+rRS7AInsquCHosevHYgv2AdinZdNrGJtklyQpl6S/w4kERr/4kb/4b03YP2vpC4OGdGTLzRongxvr+t7e2vrG5tV3YKe7u7R8clo6OmyZONcMGi0Ws2xE1KLjChuVWYDvRSGUksBWN72b11hNqw2P1YCcJhpIOFR9wRq2z6rJXKvsVfy6yCkEOZchV65W+uv2YpRKVZYIa0wn8xIYZ1ZYzgdNiNzWYUDamQ+w4VFSiCbP5olNy7pw+GcTaPWXJ3P09kVFpzERGrlNSOzLLtZn5X62T2sFNmHGVpBYVW3w0SAWxMZldTfpcI7Ni4oAyzd2uhI2opsy6bIouhGD55FVoXlYCx/WrcvU2j6MAp3AGFxDANVThHmrQAAYIz/AKb96j9+K9ex+L1jUvnzmBP/I+fwDVj4zx</latexit><latexit sha1_base64="M/Igs9pa/S+IQGf6QFykD3Bj0hw=">AAAB6HicbZBNSwMxEIZn/az1q+rRS7AInsquCHosevHYgv2AdinZdNrGJtklyQpl6S/w4kERr/4kb/4b03YP2vpC4OGdGTLzRongxvr+t7e2vrG5tV3YKe7u7R8clo6OmyZONcMGi0Ws2xE1KLjChuVWYDvRSGUksBWN72b11hNqw2P1YCcJhpIOFR9wRq2z6rJXKvsVfy6yCkEOZchV65W+uv2YpRKVZYIa0wn8xIYZ1ZYzgdNiNzWYUDamQ+w4VFSiCbP5olNy7pw+GcTaPWXJ3P09kVFpzERGrlNSOzLLtZn5X62T2sFNmHGVpBYVW3w0SAWxMZldTfpcI7Ni4oAyzd2uhI2opsy6bIouhGD55FVoXlYCx/WrcvU2j6MAp3AGFxDANVThHmrQAAYIz/AKb96j9+K9ex+L1jUvnzmBP/I+fwDVj4zx</latexit>

Tree level: Loop level:

discontinuity



log(e2⇡iz) = log(z) + 2⇡i
<latexit sha1_base64="rNpwGFnaFxAoxC8Xm2LX2W7+gm4=">AAACEHicbZDLSgMxFIYzXmu9jbp0EyxiRSgzRdCNUHTjsoK9QGcsmTTThmaSIckIdegjuPFV3LhQxK1Ld76N6XQW2nog8PH/53By/iBmVGnH+bYWFpeWV1YLa8X1jc2tbXtnt6lEIjFpYMGEbAdIEUY5aWiqGWnHkqAoYKQVDK8mfuueSEUFv9WjmPgR6nMaUoy0kbr2kcdEv0zu0qoXU0jhGD4cwwuYqYZOYBVmRtcuORUnKzgPbg4lkFe9a395PYGTiHCNGVKq4zqx9lMkNcWMjIteokiM8BD1SccgRxFRfpodNIaHRunBUEjzuIaZ+nsiRZFSoygwnRHSAzXrTcT/vE6iw3M/pTxONOF4uihMGNQCTtKBPSoJ1mxkAGFJzV8hHiCJsDYZFk0I7uzJ89CsVlzDN6el2mUeRwHsgwNQBi44AzVwDeqgATB4BM/gFbxZT9aL9W59TFsXrHxmD/wp6/MH1v+Z5g==</latexit><latexit sha1_base64="rNpwGFnaFxAoxC8Xm2LX2W7+gm4=">AAACEHicbZDLSgMxFIYzXmu9jbp0EyxiRSgzRdCNUHTjsoK9QGcsmTTThmaSIckIdegjuPFV3LhQxK1Ld76N6XQW2nog8PH/53By/iBmVGnH+bYWFpeWV1YLa8X1jc2tbXtnt6lEIjFpYMGEbAdIEUY5aWiqGWnHkqAoYKQVDK8mfuueSEUFv9WjmPgR6nMaUoy0kbr2kcdEv0zu0qoXU0jhGD4cwwuYqYZOYBVmRtcuORUnKzgPbg4lkFe9a395PYGTiHCNGVKq4zqx9lMkNcWMjIteokiM8BD1SccgRxFRfpodNIaHRunBUEjzuIaZ+nsiRZFSoygwnRHSAzXrTcT/vE6iw3M/pTxONOF4uihMGNQCTtKBPSoJ1mxkAGFJzV8hHiCJsDYZFk0I7uzJ89CsVlzDN6el2mUeRwHsgwNQBi44AzVwDeqgATB4BM/gFbxZT9aL9W59TFsXrHxmD/wp6/MH1v+Z5g==</latexit><latexit sha1_base64="rNpwGFnaFxAoxC8Xm2LX2W7+gm4=">AAACEHicbZDLSgMxFIYzXmu9jbp0EyxiRSgzRdCNUHTjsoK9QGcsmTTThmaSIckIdegjuPFV3LhQxK1Ld76N6XQW2nog8PH/53By/iBmVGnH+bYWFpeWV1YLa8X1jc2tbXtnt6lEIjFpYMGEbAdIEUY5aWiqGWnHkqAoYKQVDK8mfuueSEUFv9WjmPgR6nMaUoy0kbr2kcdEv0zu0qoXU0jhGD4cwwuYqYZOYBVmRtcuORUnKzgPbg4lkFe9a395PYGTiHCNGVKq4zqx9lMkNcWMjIteokiM8BD1SccgRxFRfpodNIaHRunBUEjzuIaZ+nsiRZFSoygwnRHSAzXrTcT/vE6iw3M/pTxONOF4uihMGNQCTtKBPSoJ1mxkAGFJzV8hHiCJsDYZFk0I7uzJ89CsVlzDN6el2mUeRwHsgwNQBi44AzVwDeqgATB4BM/gFbxZT9aL9W59TFsXrHxmD/wp6/MH1v+Z5g==</latexit><latexit sha1_base64="rNpwGFnaFxAoxC8Xm2LX2W7+gm4=">AAACEHicbZDLSgMxFIYzXmu9jbp0EyxiRSgzRdCNUHTjsoK9QGcsmTTThmaSIckIdegjuPFV3LhQxK1Ld76N6XQW2nog8PH/53By/iBmVGnH+bYWFpeWV1YLa8X1jc2tbXtnt6lEIjFpYMGEbAdIEUY5aWiqGWnHkqAoYKQVDK8mfuueSEUFv9WjmPgR6nMaUoy0kbr2kcdEv0zu0qoXU0jhGD4cwwuYqYZOYBVmRtcuORUnKzgPbg4lkFe9a395PYGTiHCNGVKq4zqx9lMkNcWMjIteokiM8BD1SccgRxFRfpodNIaHRunBUEjzuIaZ+nsiRZFSoygwnRHSAzXrTcT/vE6iw3M/pTxONOF4uihMGNQCTtKBPSoJ1mxkAGFJzV8hHiCJsDYZFk0I7uzJ89CsVlzDN6el2mUeRwHsgwNQBi44AzVwDeqgATB4BM/gFbxZT9aL9W59TFsXrHxmD/wp6/MH1v+Z5g==</latexit>

•    The branch cut structure of loop integrals becomes ever more 
intricate with more legs, loops, scales 

•   Useful to study general functions that result from FIs 

•   Multivalued functions: 

•   Most well studied case: Multiple Polylogarithms (MPLs) 

(all 1-loop examples and most 2-loop examples without internal masses)

In this talk we want to go beyond MPLs, but first let’s 
understand what properties we would like to generalise



G(a1, . . . , an; z) =

Z z

0

dt

t� a1
G(a2, . . . , an; t)

Lin(z) = G(0, . . . , 0, 1; z)
<latexit sha1_base64="FpUzpUbKp9xZEWgab/spI/zXRoU="></latexit><latexit sha1_base64="FpUzpUbKp9xZEWgab/spI/zXRoU="></latexit><latexit sha1_base64="FpUzpUbKp9xZEWgab/spI/zXRoU="></latexit><latexit sha1_base64="FpUzpUbKp9xZEWgab/spI/zXRoU="></latexit>

ai 2 C
<latexit sha1_base64="PSM0+XNN3NwIFJZXQ0YrAQ29qFc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQi1GWxG5cV7AOaECbTSTt0Mgkzk0IJ/RM3LhRx65+482+ctFlo64GBwzn3cs+cMOVMacf5tipb2zu7e9X92sHh0fGJfXrWU0kmCe2ShCdyEGJFORO0q5nmdJBKiuOQ0344bRd+f0alYol40vOU+jEeCxYxgrWRAtvGAfOY8GKsJ2GYtxeBXXcazhJok7glqUOJTmB/eaOEZDEVmnCs1NB1Uu3nWGpGOF3UvEzRFJMpHtOhoQLHVPn5MvkCXRllhKJEmic0Wqq/N3IcKzWPQzNZJFTrXiH+5w0zHd35ORNppqkgq0NRxpFOUFEDGjFJieZzQzCRzGRFZIIlJtqUVTMluOtf3iS9m4Zr+ONtvXVf1lGFC7iEa3ChCS14gA50gcAMnuEV3qzcerHerY/VaMUqd87hD6zPH61ck6w=</latexit><latexit sha1_base64="PSM0+XNN3NwIFJZXQ0YrAQ29qFc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQi1GWxG5cV7AOaECbTSTt0Mgkzk0IJ/RM3LhRx65+482+ctFlo64GBwzn3cs+cMOVMacf5tipb2zu7e9X92sHh0fGJfXrWU0kmCe2ShCdyEGJFORO0q5nmdJBKiuOQ0344bRd+f0alYol40vOU+jEeCxYxgrWRAtvGAfOY8GKsJ2GYtxeBXXcazhJok7glqUOJTmB/eaOEZDEVmnCs1NB1Uu3nWGpGOF3UvEzRFJMpHtOhoQLHVPn5MvkCXRllhKJEmic0Wqq/N3IcKzWPQzNZJFTrXiH+5w0zHd35ORNppqkgq0NRxpFOUFEDGjFJieZzQzCRzGRFZIIlJtqUVTMluOtf3iS9m4Zr+ONtvXVf1lGFC7iEa3ChCS14gA50gcAMnuEV3qzcerHerY/VaMUqd87hD6zPH61ck6w=</latexit><latexit sha1_base64="PSM0+XNN3NwIFJZXQ0YrAQ29qFc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQi1GWxG5cV7AOaECbTSTt0Mgkzk0IJ/RM3LhRx65+482+ctFlo64GBwzn3cs+cMOVMacf5tipb2zu7e9X92sHh0fGJfXrWU0kmCe2ShCdyEGJFORO0q5nmdJBKiuOQ0344bRd+f0alYol40vOU+jEeCxYxgrWRAtvGAfOY8GKsJ2GYtxeBXXcazhJok7glqUOJTmB/eaOEZDEVmnCs1NB1Uu3nWGpGOF3UvEzRFJMpHtOhoQLHVPn5MvkCXRllhKJEmic0Wqq/N3IcKzWPQzNZJFTrXiH+5w0zHd35ORNppqkgq0NRxpFOUFEDGjFJieZzQzCRzGRFZIIlJtqUVTMluOtf3iS9m4Zr+ONtvXVf1lGFC7iEa3ChCS14gA50gcAMnuEV3qzcerHerY/VaMUqd87hD6zPH61ck6w=</latexit><latexit sha1_base64="PSM0+XNN3NwIFJZXQ0YrAQ29qFc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQi1GWxG5cV7AOaECbTSTt0Mgkzk0IJ/RM3LhRx65+482+ctFlo64GBwzn3cs+cMOVMacf5tipb2zu7e9X92sHh0fGJfXrWU0kmCe2ShCdyEGJFORO0q5nmdJBKiuOQ0344bRd+f0alYol40vOU+jEeCxYxgrWRAtvGAfOY8GKsJ2GYtxeBXXcazhJok7glqUOJTmB/eaOEZDEVmnCs1NB1Uu3nWGpGOF3UvEzRFJMpHtOhoQLHVPn5MvkCXRllhKJEmic0Wqq/N3IcKzWPQzNZJFTrXiH+5w0zHd35ORNppqkgq0NRxpFOUFEDGjFJieZzQzCRzGRFZIIlJtqUVTMluOtf3iS9m4Zr+ONtvXVf1lGFC7iEa3ChCS14gA50gcAMnuEV3qzcerHerY/VaMUqd87hD6zPH61ck6w=</latexit>

This paper is organized as follows. In Section 2 we give a short review of ordinary MPLs

and their symbol calculus. In Section 3 we review the class of eMPLs relevant in this paper,

and we present a simple and compact formula for their total differential. The knowledge of

the differential can be turned into the definition of a symbol, similar to the case of ordinary

MPLs. In Section 4 we present Brown’s general construction of symbols and a coaction on

certain classes of periods. We apply this construction to the case of eMPLs in Section 5, and

we discuss some simple examples of how to use our formalism to derive functional relations

among eMPLs in Section 6. In Section 7 we give a short introduction to iterated integrals of

modular forms, and we show how one can apply Brown’s construction to define a coaction

and a symbol map on these integrals. We then use our results in Section 8 to show that

eMPLs evaluated at rational points can always be expressed in terms of iterated integrals

of Eisenstein series for a certain congruence subgroup. In Sections 9 and 10 we present two

applications of our formalism. In particular, we obtain representations for hypergeometric

functions and for the sunrise integral in terms of iterated integrals of Eisenstein series.

In Section 11 we draw our conclusions. We include various appendices where we present

technical details that are omitted throughout the main text.

2 Multiple polylogarithms

Before we discuss how to extend (some of) the algebraic properties of polylogarithms

beyond genus zero, we present in this section a concise review of ordinary multiple polylog-

arithms, as well as their symbols and coaction and how to use them to work out relations

among MPLs. The material in this section is well known, see, e.g., ref. [76] for a pedagogical

review.

2.1 Multiple polylogarithms and their symbols

Multiple polylogarithms (MPLs) are defined by the iterated integral [4, 15, 77]

G(a1, . . . , an; z) =

∫ z

0

dt

t− a1
G(a2, . . . , an; t) , (2.1)

and the recursion starts with G(; z) ≡ 1. In the special case where all the ai’s are zero, we

define

G(0, . . . , 0︸ ︷︷ ︸
n times

; z) =
1

n!
logn z . (2.2)

The number n of integrations in eq. (2.1), or equivalently the number of ai’s, is called

the weight of the multiple polylogarithm. A product of two MPLs with the same upper

integration limit can be written as a linear combination of MPLs. More precisely, MPLs

form a shuffle algebra,

G(a1, . . . , ak; z)G(ak+1, . . . , ak+l; z) =
∑

σ∈Σ(k,l)

G(aσ(1), . . . , aσ(k+l); z) , (2.3)

where Σ(k, l) denotes the set of all shuffles of (a1, . . . , ak) and (ak+1, . . . , ak+l), i.e., the

set of all permutations of their union that preserve the relative orderings within each set.

– 4 –

Multiple Polylogarithms (MPLs)

log(z) =

Z z

1

dt

t
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Logarithm

Classical 
Polylogarithms

Multiple 
Polylogarithms

G(a1, . . . , an; z) =

Z z

0

dt

t� a1
G(a2, . . . , an; t)

Lin(z) = G(0, . . . , 0, 1; z)
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MPLs are iterated integrals of rational functions 
defined on a Riemann sphere with punctures

integration kernels: 
1

t� a
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Li1(z) = � log(1� z) Lin(z) =

Z z

0

dt

t
Lin�1(t), n > 1
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•   MPLs:    Weight = Length = number of integrations

G(a1, . . . , an; z)
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This paper is organized as follows. In Section 2 we give a short review of ordinary MPLs

and their symbol calculus. In Section 3 we review the class of eMPLs relevant in this paper,

and we present a simple and compact formula for their total differential. The knowledge of

the differential can be turned into the definition of a symbol, similar to the case of ordinary

MPLs. In Section 4 we present Brown’s general construction of symbols and a coaction on

certain classes of periods. We apply this construction to the case of eMPLs in Section 5, and

we discuss some simple examples of how to use our formalism to derive functional relations

among eMPLs in Section 6. In Section 7 we give a short introduction to iterated integrals of

modular forms, and we show how one can apply Brown’s construction to define a coaction

and a symbol map on these integrals. We then use our results in Section 8 to show that

eMPLs evaluated at rational points can always be expressed in terms of iterated integrals

of Eisenstein series for a certain congruence subgroup. In Sections 9 and 10 we present two

applications of our formalism. In particular, we obtain representations for hypergeometric

functions and for the sunrise integral in terms of iterated integrals of Eisenstein series.

In Section 11 we draw our conclusions. We include various appendices where we present

technical details that are omitted throughout the main text.

2 Multiple polylogarithms
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review.
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define

G(0, . . . , 0︸ ︷︷ ︸
n times
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1
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logn z . (2.2)

The number n of integrations in eq. (2.1), or equivalently the number of ai’s, is called

the weight of the multiple polylogarithm. A product of two MPLs with the same upper

integration limit can be written as a linear combination of MPLs. More precisely, MPLs
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Lots of nice properties:

Total differential:

the literature [6–10]. Here, we follow the folklore in the physics literature and define the

‘symbol of a transcendental function Fw of weight w’ as follows: assume that the total

differential of Fw can be written in the form

dFw =
∑

i

Fw−1,i d logRi , (2.9)

where the Fw−1,i are transcendental functions of weight w − 1 and the Ri are algebraic

functions. We define the symbol of Fw by the recursion

S(Fw) =
∑

i

S(Fw−1,i)⊗Ri , (2.10)

and the recursion stops at S(F0) = F0. Let us make an obvious observation at this point:

the recursive definition of the symbol only makes sense if the differential equation (2.9)

does not have a homogeneous term, because otherwise the recursion does not close. Said

in different words, not every function admits a symbol, and we can only define symbols for

functions that satisfy a differential equation with trivial homogeneous part (such functions

are often referred to as pure functions in the physics literature).

It turns out that the total differential of MPLs indeed takes the form of eq. (2.9). More

precisely, we have [4]

dG(a1, . . . , an; z) =
n∑

i=1

G(a1, . . . , âi, . . . , an; z) d log
ai−1 − ai
ai+1 − ai

(2.11)

where the hat indicates that the corresponding argument is absent, and we set a0 = z and

an+1 = 0. Combining eq. (2.10) and (2.11) we can easily see that the symbol of an MPL

satisfies the recursion

S(G(a1, . . . , an; z)) =
n∑

i=1

S(G(a1, . . . , âi, . . . , an; z))⊗
ai−1 − ai
ai+1 − ai

, (2.12)

and the recursion stops at S(G(; z)) = S(1) = 1. The symbol map has various well-known

algebraic properties. In particular, it is linear and it maps any product of MPLs to the

shuffle product of their symbols,

S(a · b) = S(a)⨿⨿S(b) . (2.13)

Finally, the recursive definition shows that the symbol map sends constants to zero, because

the differential of any constant vanishes.

The symbol is in fact closely connected to the coaction ∆MPL. Indeed, we can apply

the coaction to either of the two factors in the tensor product in eq. (2.6), and coasso-

ciativity implies that different ways of doing so lead to the same result. We can iterate

this construction, and again coassociativity ensures that the result is unique. The itera-

tion stops once we have decomposed an MPL of weight w into a w-fold tensor product of

logarithms. From eq. (2.8) it is easy to see that this tensor satisfies the same recursion as

the symbol given in eq. (2.10), and so we can identify the symbol of an MPL with the
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S(G(a1, . . . , âi, . . . , an; z))⊗
ai−1 − ai
ai+1 − ai

, (2.12)

and the recursion stops at S(G(; z)) = S(1) = 1. The symbol map has various well-known

algebraic properties. In particular, it is linear and it maps any product of MPLs to the

shuffle product of their symbols,

S(a · b) = S(a)⨿⨿S(b) . (2.13)

Finally, the recursive definition shows that the symbol map sends constants to zero, because

the differential of any constant vanishes.

The symbol is in fact closely connected to the coaction ∆MPL. Indeed, we can apply

the coaction to either of the two factors in the tensor product in eq. (2.6), and coasso-

ciativity implies that different ways of doing so lead to the same result. We can iterate

this construction, and again coassociativity ensures that the result is unique. The itera-

tion stops once we have decomposed an MPL of weight w into a w-fold tensor product of

logarithms. From eq. (2.8) it is easy to see that this tensor satisfies the same recursion as

the symbol given in eq. (2.10), and so we can identify the symbol of an MPL with the

– 6 –

Length n
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-fold tensor productn
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In depth understanding of these functions was  
key to obtaining analytic results for Feynman integrals  

or even complete amplitudes

•      Taming analytical expressions, functional identities 
•      Symbol bootstrap with MPL ansatz in N=4 SYM

— Caron-Huot, Dixon, Drummond, Duhr, Harrington, Henn,  
McLeod, Papathanaseou, Pennington, Spradlin, von Hippel — 



MPLs are pure



What do you mean “Pure”? 

•    Definition based on total differential

A pure function of weight n is a function whose 

total derivative can be expressed in terms of pure 

functions of weight n-1 (times algebraic one-forms) 

the literature [6–10]. Here, we follow the folklore in the physics literature and define the

‘symbol of a transcendental function Fw of weight w’ as follows: assume that the total

differential of Fw can be written in the form

dFw =
∑

i

Fw−1,i d logRi , (2.9)

where the Fw−1,i are transcendental functions of weight w − 1 and the Ri are algebraic

functions. We define the symbol of Fw by the recursion

S(Fw) =
∑

i

S(Fw−1,i)⊗Ri , (2.10)

and the recursion stops at S(F0) = F0. Let us make an obvious observation at this point:

the recursive definition of the symbol only makes sense if the differential equation (2.9)

does not have a homogeneous term, because otherwise the recursion does not close. Said

in different words, not every function admits a symbol, and we can only define symbols for

functions that satisfy a differential equation with trivial homogeneous part (such functions

are often referred to as pure functions in the physics literature).

It turns out that the total differential of MPLs indeed takes the form of eq. (2.9). More

precisely, we have [4]

dG(a1, . . . , an; z) =
n∑

i=1

G(a1, . . . , âi, . . . , an; z) d log
ai−1 − ai
ai+1 − ai

(2.11)

where the hat indicates that the corresponding argument is absent, and we set a0 = z and

an+1 = 0. Combining eq. (2.10) and (2.11) we can easily see that the symbol of an MPL

satisfies the recursion

S(G(a1, . . . , an; z)) =
n∑

i=1

S(G(a1, . . . , âi, . . . , an; z))⊗
ai−1 − ai
ai+1 − ai

, (2.12)

and the recursion stops at S(G(; z)) = S(1) = 1. The symbol map has various well-known

algebraic properties. In particular, it is linear and it maps any product of MPLs to the

shuffle product of their symbols,

S(a · b) = S(a)⨿⨿S(b) . (2.13)

Finally, the recursive definition shows that the symbol map sends constants to zero, because

the differential of any constant vanishes.

The symbol is in fact closely connected to the coaction ∆MPL. Indeed, we can apply

the coaction to either of the two factors in the tensor product in eq. (2.6), and coasso-

ciativity implies that different ways of doing so lead to the same result. We can iterate

this construction, and again coassociativity ensures that the result is unique. The itera-

tion stops once we have decomposed an MPL of weight w into a w-fold tensor product of

logarithms. From eq. (2.8) it is easy to see that this tensor satisfies the same recursion as

the symbol given in eq. (2.10), and so we can identify the symbol of an MPL with the

– 6 –

weight

algebraic

weight

— Henn ’13 — 

# of integrations

n n − 1



What do you mean “Pure”? 

•    Definition based on residues

An integral is pure if all of its non-vanishing 
residues are the same up to a sign

— Arkani-Hamed, Bourjaily 
Cachazo, Trnka ’12 — 

•    Ex: massless box

“Integrals with unit leading singularity” 

=
2

st


1

✏2
� log(st)

✏
+ log(�s) log(�t)� 2⇡2

3

�
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= ± 1
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•    Definition based on residues

An integral is pure if all of its non-vanishing 
residues are the same up to a sign

— Arkani-Hamed, Bourjaily 
Cachazo, Trnka ’12 — 

   Pure Feynman Integrals, when properly normalised:

•     Are expressible in terms of pure functions 

•     Satisfy a differential equation system in canonical form

What do you mean “Pure”? 

“Integrals with unit leading singularity” 



Pure integrals evaluate to pure functions

Differential equations in canonical form

Vector of master integrals

Matrix of “dlog” forms

For MPLs:  
Natural solution in terms of  

pure functions G as an expansion in  

dF = ✏ dAF
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Pure integrals evaluate to pure functions

Differential equations in canonical form

Vector of master integrals

Matrix of “dlog” forms

What to do when the integral cannot  
be evaluated in terms of MPLs?

dF = ✏ dAF
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For MPLs:  
Natural solution in terms of  
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dt

t� a1
G(a2, . . . , an; t)

Lin(z) = G(0, . . . , 0, 1; z)
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How do we know an integral can be evaluated 
in terms of MPLs?

At every integration step, the integrand can be written as  
an MPL times a rational function as above by using 

partial fractioning / change of variables

Concept of “linear reducibility”

This approach can be taken in a large variety of cases,  
but unfortunately not always

— Brown ’08 / Panzer ’15 — 



Ex: 2-loop massive sunrise in d=2

1 Triangle with massive loop

In this first application, we consider the two-loop non-planar triangle integral with a

massive loop shown in Figure 1. This integral involves two massless propagators and a

massive loop with four propagators with mass m. Two external legs are massless, i.e.

p21 = p22 = 0 and we set our kinematic variable S = �2(p1 · p2). The two loop integral

in question is then

I =

Z
ddk1d

dk2
(i⇡)4

1
Q6

i=1 Di

, (1.1)

where

D1 = k2
1 �m2, D3 = (k1 � p1)

2 �m2, D5 = (k1 � k2 � p1)
2,

D2 = k2
2 �m2, D4 = (k2 � p2)

2 �m2, D6 = (k2 � k1 � p2)
2.

(1.2)

Figure 1. Triangle with massive loop.

The family of integrals related to (1.1) was studied in [] by means of the di↵erential

equations method and written as integrals over elliptic integrals of the first and second

kinds multiplied by ordinary polylogarithms and rational functions.

Here we perform a direct integration over the Feynman parametrisation of this

integral and show that all integrations up to the penultimate can be performed in

terms of MPLs. In order to perform the last integration, we rewrite the integrand as

kernels of the elliptic multiple polylogarithms introduced in []. We present our result in

terms of elliptic polylogarithms defined on the elliptic curve and also on the torus. Part

of the result, when written as a function on the torus, depends on rational points for

the congruence subgroup �(4) ⇢ SL(2,Z), which can be expressed as iterated integrals

over Eisenstein series [].

Our task is to find an order of integration of the Feynman parameters so that linear

reducibility is achieved and all integrals apart from the last one can be performed in
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(complete elliptic integral of the 1st kind)  

Two of the master integrals satisfy a coupled system of DE, 
First master integral satisfies a 2nd order DE:

Sqrt of quartic polynomial
— cannot be rationalised — K(�) =

Z 1

0

dtp
(1� t2)(1� �t2)
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Homogeneous solution:



By now we know lots of examples that don’t fit into the MPL 
framework:

Goal: Develop a class of functions which is applicable in general 
for Feynman integrals of the elliptic kind (next-to-simplest):

•    Elliptic generalisations of MPLs to functions on the elliptic 
curve w/ log singularities suitable for FI computations 

•    Generalise as many properties of MPLs to the elliptic case, in 
particular purity / uniform weight

Outline

1 Triangle with massive loop

In this first application, we consider the two-loop non-planar triangle integral with a

massive loop shown in Figure 1. This integral involves two massless propagators and a

massive loop with four propagators with mass m. Two external legs are massless, i.e.

p21 = p22 = 0 and we set our kinematic variable S = �2(p1 · p2). The two loop integral

in question is then

I =

Z
ddk1d

dk2
(i⇡)4

1
Q6

i=1 Di

, (1.1)

where

D1 = k2
1 �m2, D3 = (k1 � p1)

2 �m2, D5 = (k1 � k2 � p1)
2,

D2 = k2
2 �m2, D4 = (k2 � p2)

2 �m2, D6 = (k2 � k1 � p2)
2.

(1.2)

Figure 1. Triangle with massive loop.

The family of integrals related to (1.1) was studied in [] by means of the di↵erential

equations method and written as integrals over elliptic integrals of the first and second

kinds multiplied by ordinary polylogarithms and rational functions.

Here we perform a direct integration over the Feynman parametrisation of this

integral and show that all integrations up to the penultimate can be performed in

terms of MPLs. In order to perform the last integration, we rewrite the integrand as

kernels of the elliptic multiple polylogarithms introduced in []. We present our result in

terms of elliptic polylogarithms defined on the elliptic curve and also on the torus. Part

of the result, when written as a function on the torus, depends on rational points for

the congruence subgroup �(4) ⇢ SL(2,Z), which can be expressed as iterated integrals

over Eisenstein series [].

Our task is to find an order of integration of the Feynman parameters so that linear

reducibility is achieved and all integrals apart from the last one can be performed in
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and many more…



Define pure elliptic MPLs (eMPLs)

•   We seek to generalise the following to the elliptic case:

A function is called pure if it is unipotent and its 
total differential involves only pure functions and 
one-forms with at most logarithmic singularities.  

the literature [6–10]. Here, we follow the folklore in the physics literature and define the

‘symbol of a transcendental function Fw of weight w’ as follows: assume that the total

differential of Fw can be written in the form

dFw =
∑

i

Fw−1,i d logRi , (2.9)

where the Fw−1,i are transcendental functions of weight w − 1 and the Ri are algebraic

functions. We define the symbol of Fw by the recursion

S(Fw) =
∑

i

S(Fw−1,i)⊗Ri , (2.10)

and the recursion stops at S(F0) = F0. Let us make an obvious observation at this point:

the recursive definition of the symbol only makes sense if the differential equation (2.9)

does not have a homogeneous term, because otherwise the recursion does not close. Said

in different words, not every function admits a symbol, and we can only define symbols for

functions that satisfy a differential equation with trivial homogeneous part (such functions

are often referred to as pure functions in the physics literature).

It turns out that the total differential of MPLs indeed takes the form of eq. (2.9). More

precisely, we have [4]

dG(a1, . . . , an; z) =
n∑

i=1

G(a1, . . . , âi, . . . , an; z) d log
ai−1 − ai
ai+1 − ai

(2.11)

where the hat indicates that the corresponding argument is absent, and we set a0 = z and

an+1 = 0. Combining eq. (2.10) and (2.11) we can easily see that the symbol of an MPL

satisfies the recursion

S(G(a1, . . . , an; z)) =
n∑

i=1

S(G(a1, . . . , âi, . . . , an; z))⊗
ai−1 − ai
ai+1 − ai

, (2.12)

and the recursion stops at S(G(; z)) = S(1) = 1. The symbol map has various well-known

algebraic properties. In particular, it is linear and it maps any product of MPLs to the

shuffle product of their symbols,

S(a · b) = S(a)⨿⨿S(b) . (2.13)

Finally, the recursive definition shows that the symbol map sends constants to zero, because

the differential of any constant vanishes.

The symbol is in fact closely connected to the coaction ∆MPL. Indeed, we can apply

the coaction to either of the two factors in the tensor product in eq. (2.6), and coasso-

ciativity implies that different ways of doing so lead to the same result. We can iterate

this construction, and again coassociativity ensures that the result is unique. The itera-

tion stops once we have decomposed an MPL of weight w into a w-fold tensor product of

logarithms. From eq. (2.8) it is easy to see that this tensor satisfies the same recursion as

the symbol given in eq. (2.10), and so we can identify the symbol of an MPL with the
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Pure

Log singularities

Unipotent

(Unipotent: total diff has no homogeneous term)
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<latexit sha1_base64="1LT+zos9pFSV9/KWTcQ2mg9lnOk=">AAACOHicbVBPS8MwHE3nvzn/VT16CQ5BEGY7BL0oAy8ePExwf3AtJU2zLSxpS5IOR9nH8MvoVT+EN2/idZ/AdOvBbT4IPN77/ZKX58eMSmVZn0ZhZXVtfaO4Wdra3tndM/cPmjJKBCYNHLFItH0kCaMhaSiqGGnHgiDuM9LyB7eZ3xoSIWkUPqpRTFyOeiHtUoyUljzz3LnXwwGC19DhSPV9P30aOxEnPeTZZ0tS1TPLVsWaAi4TOydlkKPumRMniHDCSagwQ1J2bCtWboqEopiRcclJJIkRHqAe6WgaIk6km04/NoYnWglgNxL6hApO1b8bKeJSjrivJ7OkctHLxP+8TqK6V25KwzhRJMSzh7oJgyqCWUswoIJgxUaaICyozgpxHwmEle5y7qZgSGOZp36exS7pkuzFSpZJs1qxrYr9cFGu3eR1FcEROAanwAaXoAbuQB00AAYv4A28gw/j1fgyvo2f2WjByHcOwRyMyS9o1q2l</latexit><latexit sha1_base64="1LT+zos9pFSV9/KWTcQ2mg9lnOk=">AAACOHicbVBPS8MwHE3nvzn/VT16CQ5BEGY7BL0oAy8ePExwf3AtJU2zLSxpS5IOR9nH8MvoVT+EN2/idZ/AdOvBbT4IPN77/ZKX58eMSmVZn0ZhZXVtfaO4Wdra3tndM/cPmjJKBCYNHLFItH0kCaMhaSiqGGnHgiDuM9LyB7eZ3xoSIWkUPqpRTFyOeiHtUoyUljzz3LnXwwGC19DhSPV9P30aOxEnPeTZZ0tS1TPLVsWaAi4TOydlkKPumRMniHDCSagwQ1J2bCtWboqEopiRcclJJIkRHqAe6WgaIk6km04/NoYnWglgNxL6hApO1b8bKeJSjrivJ7OkctHLxP+8TqK6V25KwzhRJMSzh7oJgyqCWUswoIJgxUaaICyozgpxHwmEle5y7qZgSGOZp36exS7pkuzFSpZJs1qxrYr9cFGu3eR1FcEROAanwAaXoAbuQB00AAYv4A28gw/j1fgyvo2f2WjByHcOwRyMyS9o1q2l</latexit><latexit sha1_base64="1LT+zos9pFSV9/KWTcQ2mg9lnOk=">AAACOHicbVBPS8MwHE3nvzn/VT16CQ5BEGY7BL0oAy8ePExwf3AtJU2zLSxpS5IOR9nH8MvoVT+EN2/idZ/AdOvBbT4IPN77/ZKX58eMSmVZn0ZhZXVtfaO4Wdra3tndM/cPmjJKBCYNHLFItH0kCaMhaSiqGGnHgiDuM9LyB7eZ3xoSIWkUPqpRTFyOeiHtUoyUljzz3LnXwwGC19DhSPV9P30aOxEnPeTZZ0tS1TPLVsWaAi4TOydlkKPumRMniHDCSagwQ1J2bCtWboqEopiRcclJJIkRHqAe6WgaIk6km04/NoYnWglgNxL6hApO1b8bKeJSjrivJ7OkctHLxP+8TqK6V25KwzhRJMSzh7oJgyqCWUswoIJgxUaaICyozgpxHwmEle5y7qZgSGOZp36exS7pkuzFSpZJs1qxrYr9cFGu3eR1FcEROAanwAaXoAbuQB00AAYv4A28gw/j1fgyvo2f2WjByHcOwRyMyS9o1q2l</latexit><latexit sha1_base64="1LT+zos9pFSV9/KWTcQ2mg9lnOk=">AAACOHicbVBPS8MwHE3nvzn/VT16CQ5BEGY7BL0oAy8ePExwf3AtJU2zLSxpS5IOR9nH8MvoVT+EN2/idZ/AdOvBbT4IPN77/ZKX58eMSmVZn0ZhZXVtfaO4Wdra3tndM/cPmjJKBCYNHLFItH0kCaMhaSiqGGnHgiDuM9LyB7eZ3xoSIWkUPqpRTFyOeiHtUoyUljzz3LnXwwGC19DhSPV9P30aOxEnPeTZZ0tS1TPLVsWaAi4TOydlkKPumRMniHDCSagwQ1J2bCtWboqEopiRcclJJIkRHqAe6WgaIk6km04/NoYnWglgNxL6hApO1b8bKeJSjrivJ7OkctHLxP+8TqK6V25KwzhRJMSzh7oJgyqCWUswoIJgxUaaICyozgpxHwmEle5y7qZgSGOZp36exS7pkuzFSpZJs1qxrYr9cFGu3eR1FcEROAanwAaXoAbuQB00AAYv4A28gw/j1fgyvo2f2WjByHcOwRyMyS9o1q2l</latexit>

C/⇤
<latexit sha1_base64="GJFeAv6+2IXQ3SGGWKnntQa/YrI=">AAACG3icbVDLSsNAFL2pr1pfsS7dBIvgqiYi6EoK3bhwUcE+oAllMpm2QyeTMDMpLaGfolv9D3fi1oW/4Rc4abOwrQcGDufce+dw/JhRqWz72yhsbG5t7xR3S3v7B4dH5nG5JaNEYNLEEYtEx0eSMMpJU1HFSCcWBIU+I21/VM/89pgISSP+pKYx8UI04LRPMVJa6pllN0Rq6PtpfXbpPui9APXMil2157DWiZOTCuRo9MwfN4hwEhKuMENSdh07Vl6KhKKYkVnJTSSJER6hAelqylFIpJfOs8+sc60EVj8S+nFlzdW/GykKpZyGvp7MkspVLxP/87qJ6t96KeVxogjHi4/6CbNUZGVFWAEVBCs21QRhQXVWCw+RQFjpupYuBWMayzz1ZBG7pEtyVitZJ62rqmNXncfrSu0ur6sIp3AGF+DADdTgHhrQBAwTeIFXeDOejXfjw/hcjBaMfOcElmB8/QJ+pKHs</latexit><latexit sha1_base64="GJFeAv6+2IXQ3SGGWKnntQa/YrI=">AAACG3icbVDLSsNAFL2pr1pfsS7dBIvgqiYi6EoK3bhwUcE+oAllMpm2QyeTMDMpLaGfolv9D3fi1oW/4Rc4abOwrQcGDufce+dw/JhRqWz72yhsbG5t7xR3S3v7B4dH5nG5JaNEYNLEEYtEx0eSMMpJU1HFSCcWBIU+I21/VM/89pgISSP+pKYx8UI04LRPMVJa6pllN0Rq6PtpfXbpPui9APXMil2157DWiZOTCuRo9MwfN4hwEhKuMENSdh07Vl6KhKKYkVnJTSSJER6hAelqylFIpJfOs8+sc60EVj8S+nFlzdW/GykKpZyGvp7MkspVLxP/87qJ6t96KeVxogjHi4/6CbNUZGVFWAEVBCs21QRhQXVWCw+RQFjpupYuBWMayzz1ZBG7pEtyVitZJ62rqmNXncfrSu0ur6sIp3AGF+DADdTgHhrQBAwTeIFXeDOejXfjw/hcjBaMfOcElmB8/QJ+pKHs</latexit><latexit sha1_base64="GJFeAv6+2IXQ3SGGWKnntQa/YrI=">AAACG3icbVDLSsNAFL2pr1pfsS7dBIvgqiYi6EoK3bhwUcE+oAllMpm2QyeTMDMpLaGfolv9D3fi1oW/4Rc4abOwrQcGDufce+dw/JhRqWz72yhsbG5t7xR3S3v7B4dH5nG5JaNEYNLEEYtEx0eSMMpJU1HFSCcWBIU+I21/VM/89pgISSP+pKYx8UI04LRPMVJa6pllN0Rq6PtpfXbpPui9APXMil2157DWiZOTCuRo9MwfN4hwEhKuMENSdh07Vl6KhKKYkVnJTSSJER6hAelqylFIpJfOs8+sc60EVj8S+nFlzdW/GykKpZyGvp7MkspVLxP/87qJ6t96KeVxogjHi4/6CbNUZGVFWAEVBCs21QRhQXVWCw+RQFjpupYuBWMayzz1ZBG7pEtyVitZJ62rqmNXncfrSu0ur6sIp3AGF+DADdTgHhrQBAwTeIFXeDOejXfjw/hcjBaMfOcElmB8/QJ+pKHs</latexit><latexit sha1_base64="GJFeAv6+2IXQ3SGGWKnntQa/YrI=">AAACG3icbVDLSsNAFL2pr1pfsS7dBIvgqiYi6EoK3bhwUcE+oAllMpm2QyeTMDMpLaGfolv9D3fi1oW/4Rc4abOwrQcGDufce+dw/JhRqWz72yhsbG5t7xR3S3v7B4dH5nG5JaNEYNLEEYtEx0eSMMpJU1HFSCcWBIU+I21/VM/89pgISSP+pKYx8UI04LRPMVJa6pllN0Rq6PtpfXbpPui9APXMil2157DWiZOTCuRo9MwfN4hwEhKuMENSdh07Vl6KhKKYkVnJTSSJER6hAelqylFIpJfOs8+sc60EVj8S+nFlzdW/GykKpZyGvp7MkspVLxP/87qJ6t96KeVxogjHi4/6CbNUZGVFWAEVBCs21QRhQXVWCw+RQFjpupYuBWMayzz1ZBG7pEtyVitZJ62rqmNXncfrSu0ur6sIp3AGF+DADdTgHhrQBAwTeIFXeDOejXfjw/hcjBaMfOcElmB8/QJ+pKHs</latexit>

SL(2,Z)
<latexit sha1_base64="381gsOtNq3ohUE8IPF1wMJN5G84=">AAACIHicbVDLSsNAFJ3UV62vqgsXboJFqCAlKYKupODGhYuK9oFNKJPJpB06eTBzU1pCfka3+h/uxKV+hl/gtM3Cth4YOJxz78yZ40ScSTCMLy23srq2vpHfLGxt7+zuFfcPmjKMBaENEvJQtB0sKWcBbQADTtuRoNh3OG05g5uJ3xpSIVkYPMI4oraPewHzGMGgpG7xyAI6guThLi1Xzy0fQ99xkqf0rFssGRVjCn2ZmBkpoQz1bvHHckMS+zQAwrGUHdOIwE6wAEY4TQtWLGmEyQD3aEfRAPtU2sn0A6l+qhRX90KhTgD6VP27kWBfyrHvqMlJRLnoTcT/vE4M3pWdsCCKgQZk9pAXcx1CfdKG7jJBCfCxIpgIprLqpI8FJqA6m7vJHbJIZqlHs9gFVZK5WMkyaVYrplEx7y9Kteusrjw6RieojEx0iWroFtVRAxGUohf0it60Z+1d+9A+Z6M5Lds5RHPQvn8BJcmj0A==</latexit><latexit sha1_base64="381gsOtNq3ohUE8IPF1wMJN5G84=">AAACIHicbVDLSsNAFJ3UV62vqgsXboJFqCAlKYKupODGhYuK9oFNKJPJpB06eTBzU1pCfka3+h/uxKV+hl/gtM3Cth4YOJxz78yZ40ScSTCMLy23srq2vpHfLGxt7+zuFfcPmjKMBaENEvJQtB0sKWcBbQADTtuRoNh3OG05g5uJ3xpSIVkYPMI4oraPewHzGMGgpG7xyAI6guThLi1Xzy0fQ99xkqf0rFssGRVjCn2ZmBkpoQz1bvHHckMS+zQAwrGUHdOIwE6wAEY4TQtWLGmEyQD3aEfRAPtU2sn0A6l+qhRX90KhTgD6VP27kWBfyrHvqMlJRLnoTcT/vE4M3pWdsCCKgQZk9pAXcx1CfdKG7jJBCfCxIpgIprLqpI8FJqA6m7vJHbJIZqlHs9gFVZK5WMkyaVYrplEx7y9Kteusrjw6RieojEx0iWroFtVRAxGUohf0it60Z+1d+9A+Z6M5Lds5RHPQvn8BJcmj0A==</latexit><latexit sha1_base64="381gsOtNq3ohUE8IPF1wMJN5G84=">AAACIHicbVDLSsNAFJ3UV62vqgsXboJFqCAlKYKupODGhYuK9oFNKJPJpB06eTBzU1pCfka3+h/uxKV+hl/gtM3Cth4YOJxz78yZ40ScSTCMLy23srq2vpHfLGxt7+zuFfcPmjKMBaENEvJQtB0sKWcBbQADTtuRoNh3OG05g5uJ3xpSIVkYPMI4oraPewHzGMGgpG7xyAI6guThLi1Xzy0fQ99xkqf0rFssGRVjCn2ZmBkpoQz1bvHHckMS+zQAwrGUHdOIwE6wAEY4TQtWLGmEyQD3aEfRAPtU2sn0A6l+qhRX90KhTgD6VP27kWBfyrHvqMlJRLnoTcT/vE4M3pWdsCCKgQZk9pAXcx1CfdKG7jJBCfCxIpgIprLqpI8FJqA6m7vJHbJIZqlHs9gFVZK5WMkyaVYrplEx7y9Kteusrjw6RieojEx0iWroFtVRAxGUohf0it60Z+1d+9A+Z6M5Lds5RHPQvn8BJcmj0A==</latexit><latexit sha1_base64="381gsOtNq3ohUE8IPF1wMJN5G84=">AAACIHicbVDLSsNAFJ3UV62vqgsXboJFqCAlKYKupODGhYuK9oFNKJPJpB06eTBzU1pCfka3+h/uxKV+hl/gtM3Cth4YOJxz78yZ40ScSTCMLy23srq2vpHfLGxt7+zuFfcPmjKMBaENEvJQtB0sKWcBbQADTtuRoNh3OG05g5uJ3xpSIVkYPMI4oraPewHzGMGgpG7xyAI6guThLi1Xzy0fQ99xkqf0rFssGRVjCn2ZmBkpoQz1bvHHckMS+zQAwrGUHdOIwE6wAEY4TQtWLGmEyQD3aEfRAPtU2sn0A6l+qhRX90KhTgD6VP27kWBfyrHvqMlJRLnoTcT/vE4M3pWdsCCKgQZk9pAXcx1CfdKG7jJBCfCxIpgIprLqpI8FJqA6m7vJHbJIZqlHs9gFVZK5WMkyaVYrplEx7y9Kteusrjw6RieojEx0iWroFtVRAxGUohf0it60Z+1d+9A+Z6M5Lds5RHPQvn8BJcmj0A==</latexit>

Elliptic Polylogarithms on the torus         
— Brown, Levin ’11, Broedel, Mafra, Matthes, Schlotterer ’14 — 



Kernels defined through generating function:

F (z,↵, ⌧) =
1

↵

X

n�0

g(n)(z, ⌧)↵n =
✓01(0, ⌧)✓1(z + ↵, ⌧)

✓1(z, ⌧)✓1(↵, ⌧)
<latexit sha1_base64="nhCIr27M1fHvmNd4Ku6Jo+sv8m0="></latexit><latexit sha1_base64="nhCIr27M1fHvmNd4Ku6Jo+sv8m0="></latexit><latexit sha1_base64="nhCIr27M1fHvmNd4Ku6Jo+sv8m0="></latexit><latexit sha1_base64="nhCIr27M1fHvmNd4Ku6Jo+sv8m0="></latexit>

ni 2 N
zi 2 C [ {1}

<latexit sha1_base64="BrXsPXRBfWcDd0/B4x8o8LlYAE4="></latexit><latexit sha1_base64="BrXsPXRBfWcDd0/B4x8o8LlYAE4="></latexit><latexit sha1_base64="BrXsPXRBfWcDd0/B4x8o8LlYAE4="></latexit><latexit sha1_base64="BrXsPXRBfWcDd0/B4x8o8LlYAE4="></latexit>

Odd Jacobi theta function

Kernels have at most simple poles at lattice points

�̃
<latexit sha1_base64="0MBguqIcqerpClkIgJ4kU8iQ9xg=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oYtlsNu3S3U3Y3Sgl9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZRWVtfWN8qbla3tnd296v5BWyeZIrRFEp6obog15UzSlmGG026qKBYhp51wdD31O49UaZbIezNOaSDwQLKYEWys9OAbxiOa+zdYCDzpV2tu3Z0BLROvIDUo0OxXv/woIZmg0hCOte55bmqCHCvDCKeTip9pmmIywgPas1RiQXWQz66eoBOrRChOlC1p0Ez9PZFjofVYhLZTYDPUi95U/M/rZSa+DHIm08xQSeaL4owjk6BpBChiihLDx5Zgopi9FZEhVpgYG1TFhuAtvrxM2md1z617d+e1xlURRxmO4BhOwYMLaMAtNKEFBBQ8wyu8OU/Oi/PufMxbS04xcwh/4Hz+AMOkkqs=</latexit><latexit sha1_base64="0MBguqIcqerpClkIgJ4kU8iQ9xg=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oYtlsNu3S3U3Y3Sgl9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZRWVtfWN8qbla3tnd296v5BWyeZIrRFEp6obog15UzSlmGG026qKBYhp51wdD31O49UaZbIezNOaSDwQLKYEWys9OAbxiOa+zdYCDzpV2tu3Z0BLROvIDUo0OxXv/woIZmg0hCOte55bmqCHCvDCKeTip9pmmIywgPas1RiQXWQz66eoBOrRChOlC1p0Ez9PZFjofVYhLZTYDPUi95U/M/rZSa+DHIm08xQSeaL4owjk6BpBChiihLDx5Zgopi9FZEhVpgYG1TFhuAtvrxM2md1z617d+e1xlURRxmO4BhOwYMLaMAtNKEFBBQ8wyu8OU/Oi/PufMxbS04xcwh/4Hz+AMOkkqs=</latexit><latexit sha1_base64="0MBguqIcqerpClkIgJ4kU8iQ9xg=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oYtlsNu3S3U3Y3Sgl9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZRWVtfWN8qbla3tnd296v5BWyeZIrRFEp6obog15UzSlmGG026qKBYhp51wdD31O49UaZbIezNOaSDwQLKYEWys9OAbxiOa+zdYCDzpV2tu3Z0BLROvIDUo0OxXv/woIZmg0hCOte55bmqCHCvDCKeTip9pmmIywgPas1RiQXWQz66eoBOrRChOlC1p0Ez9PZFjofVYhLZTYDPUi95U/M/rZSa+DHIm08xQSeaL4owjk6BpBChiihLDx5Zgopi9FZEhVpgYG1TFhuAtvrxM2md1z617d+e1xlURRxmO4BhOwYMLaMAtNKEFBBQ8wyu8OU/Oi/PufMxbS04xcwh/4Hz+AMOkkqs=</latexit><latexit sha1_base64="0MBguqIcqerpClkIgJ4kU8iQ9xg=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oYtlsNu3S3U3Y3Sgl9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZRWVtfWN8qbla3tnd296v5BWyeZIrRFEp6obog15UzSlmGG026qKBYhp51wdD31O49UaZbIezNOaSDwQLKYEWys9OAbxiOa+zdYCDzpV2tu3Z0BLROvIDUo0OxXv/woIZmg0hCOte55bmqCHCvDCKeTip9pmmIywgPas1RiQXWQz66eoBOrRChOlC1p0Ez9PZFjofVYhLZTYDPUi95U/M/rZSa+DHIm08xQSeaL4owjk6BpBChiihLDx5Zgopi9FZEhVpgYG1TFhuAtvrxM2md1z617d+e1xlURRxmO4BhOwYMLaMAtNKEFBBQ8wyu8OU/Oi/PufMxbS04xcwh/4Hz+AMOkkqs=</latexit> form a basis for all eMPLs

— Brown, Levin ’11, Broedel, Mafra, Matthes, Schlotterer ’14 — 

�̃( n1 ... nk
z1 ... zk ; z, ⌧) =

Z z

0
dz0g(n1)(z0 � z1, ⌧)�̃(

n2 ... nk
z2 ... zk ; z

0, ⌧)
<latexit sha1_base64="I+/Tv8Ppn7hrRLRafGZkGlr/srM="></latexit>

Elliptic Polylogarithms on the torus         



Kernels defined through generating function:

F (z,↵, ⌧) =
1

↵

X

n�0

g(n)(z, ⌧)↵n =
✓01(0, ⌧)✓1(z + ↵, ⌧)

✓1(z, ⌧)✓1(↵, ⌧)
<latexit sha1_base64="nhCIr27M1fHvmNd4Ku6Jo+sv8m0="></latexit><latexit sha1_base64="nhCIr27M1fHvmNd4Ku6Jo+sv8m0="></latexit><latexit sha1_base64="nhCIr27M1fHvmNd4Ku6Jo+sv8m0="></latexit><latexit sha1_base64="nhCIr27M1fHvmNd4Ku6Jo+sv8m0="></latexit>

ni 2 N
zi 2 C [ {1}

<latexit sha1_base64="BrXsPXRBfWcDd0/B4x8o8LlYAE4="></latexit><latexit sha1_base64="BrXsPXRBfWcDd0/B4x8o8LlYAE4="></latexit><latexit sha1_base64="BrXsPXRBfWcDd0/B4x8o8LlYAE4="></latexit><latexit sha1_base64="BrXsPXRBfWcDd0/B4x8o8LlYAE4="></latexit>

Odd Jacobi theta function

— Brown, Levin ’11, Broedel, Mafra, Matthes, Schlotterer ’14 — 

�̃( n1 ... nk
z1 ... zk ; z, ⌧) =

Z z

0
dz0g(n1)(z0 � z1, ⌧)�̃(

n2 ... nk
z2 ... zk ; z

0, ⌧)
<latexit sha1_base64="I+/Tv8Ppn7hrRLRafGZkGlr/srM="></latexit>

Elliptic Polylogarithms on the torus         

g(0)(z, ⌧) = 1

g(1)(z, ⌧) = ⇣(z)� 2
⌘1
!1

z
<latexit sha1_base64="guYlx74dEUdczD5n31VXLcYn+Ho="></latexit>

Weierstrass zeta function

g(n)(z, ⌧)
<latexit sha1_base64="3VZlxxqfK+e9ZSIEVV5MwKekFhY=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahBSlJFfRY9OKxgv2ANpbNdtMu3WzC7qRQQ/+JFw+KePWfePPfuG1z0NYHA4/3ZpiZ58eCa3Ccbyu3tr6xuZXfLuzs7u0f2IdHTR0lirIGjUSk2j7RTHDJGsBBsHasGAl9wVr+6Hbmt8ZMaR7JB5jEzAvJQPKAUwJG6tn24DEtyfK09HTeBZKUcc8uOhVnDrxK3IwUUYZ6z/7q9iOahEwCFUTrjuvE4KVEAaeCTQvdRLOY0BEZsI6hkoRMe+n88ik+M0ofB5EyJQHP1d8TKQm1noS+6QwJDPWyNxP/8zoJBNdeymWcAJN0sShIBIYIz2LAfa4YBTExhFDFza2YDokiFExYBROCu/zyKmlWK+5FpXp/WazdZHHk0Qk6RSXkoitUQ3eojhqIojF6Rq/ozUqtF+vd+li05qxs5hj9gfX5A+gYkog=</latexit>

polynomial of degree     in g(1)(z, ⌧)
<latexit sha1_base64="HAnAfVZUa1H5zpQlKsw7Qprw2nM=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahBSlJFfRY9OKxgv2ANpbNdtMu3WzC7qRQQ/+JFw+KePWfePPfuG1z0NYHA4/3ZpiZ58eCa3Ccbyu3tr6xuZXfLuzs7u0f2IdHTR0lirIGjUSk2j7RTHDJGsBBsHasGAl9wVr+6Hbmt8ZMaR7JB5jEzAvJQPKAUwJG6tn24DEtueVp6em8CyQp455ddCrOHHiVuBkpogz1nv3V7Uc0CZkEKojWHdeJwUuJAk4Fmxa6iWYxoSMyYB1DJQmZ9tL55VN8ZpQ+DiJlSgKeq78nUhJqPQl90xkSGOplbyb+53USCK69lMs4ASbpYlGQCAwRnsWA+1wxCmJiCKGKm1sxHRJFKJiwCiYEd/nlVdKsVtyLSvX+sli7yeLIoxN0ikrIRVeohu5QHTUQRWP0jF7Rm5VaL9a79bFozVnZzDH6A+vzB4kFkks=</latexit>

n
<latexit sha1_base64="2QmInd+nHO60uhS7AYCvgpiU4a8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuyXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH2F+M9g==</latexit>
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More generally, at the level of the generating function, we have

F (z + 1,↵, ⌧) = F (z,↵, ⌧) and F (z + ⌧,↵, ⌧) = e�2⇡i↵ F (z,↵, ⌧) . (3.10)

Hence, strictly speaking, the g(n) are not well-defined functions on the torus. One can show

that it is not possible to find a set of independent integration kernels that are at the same

time holomorphic, periodic and have at most simple poles at the lattice points. Instead,

one has to give up either holomorphicity or periodicity in order to define generalizations of

MPLs to elliptic curves. While in our applications the holomorphic, but non-periodic, ver-

sion of eMPLs defined in eq. (3.2) is most appropriate, we mention that in the mathematics

and string theory literature it is customary to consider iterated integrals defined through

integration kernels that are periodic, at the expense of giving up holomorphicity [68, 69, 78],

�( n1 ... nk
z1 ... zk ; z, ⌧) =

Z z

0
dz0 f (n1)(z0 � z1, ⌧)�

� n2 ... nk
z2 ... zk ; z

0, ⌧
�
, (3.11)

where the functions f (n) are defined by the generating series

⌦(z,↵, ⌧) =
1

↵

X

n�0

f (n)(z, ⌧)↵n = exp


2⇡i↵

Im z

Im ⌧

�
F (z,↵, ⌧) . (3.12)

The functions f (n)(z, ⌧) are periodic with respect to translations in both the real and

⌧ directions, but they depend explicitly on the antiholomorphic variable z̄ through the

exponential factor in the right-hand side of eq. (3.12).

3.2 The total di↵erential and the symbol of eMPLs

In this section we propose a generalization of the notion of symbols from ordinary MPLs to

eMPLs. Our starting point is the recursive definition of the symbol in eqs. (2.9) and (2.10).

In order to apply the recursion, we need a closed form for the total di↵erential of eMPLs,

similar to eq. (2.11). We also need to modify the recursive definition slightly, because in

the case of eMPLs not all the basic integration kernels have logarithmic divergences, but

some of them are regular everywhere. In the next subsection we give the general formula

for the total di↵erential and the resulting symbol map, and we discuss some of its basic

properties.

If we introduce the following shorthand for the arguments of eMPLs

A[r]
i ⌘

�
ni+r
zi

�
and A[0]

i ⌘ Ai , (3.13)

the total di↵erential of an eMPL takes the form

de� (A1 · · ·Ak; z, ⌧) =
k�1X

p=1

(�1)np+1 e�
�
A1 · · ·Ap�1

0
0 Ap+2 · · ·Ak; z, ⌧

�
!
(np+np+1)
p,p+1

+
kX

p=1

np+1X

r=0

"✓
np�1 + r � 1

np�1 � 1

◆
e�
⇣
A1 · · ·A

[r]
p�1 Âp Ap+1 · · ·Ak; z, ⌧

⌘
!
(np�r)
p,p�1

�

✓
np+1 + r � 1

np+1 � 1

◆
e�
⇣
A1 · · ·Ap�1 Âp A

[r]
p+1 · · ·Ak; z, ⌧

⌘
!
(np�r)
p,p+1

#
,

(3.14)
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similar to eq. (2.11). We also need to modify the recursive definition slightly, because in

the case of eMPLs not all the basic integration kernels have logarithmic divergences, but

some of them are regular everywhere. In the next subsection we give the general formula

for the total di↵erential and the resulting symbol map, and we discuss some of its basic
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one-forms w/ 
 log singularities

eq. (2.5). The formula for the total di↵erential reads [125],

de� (A1 · · ·Ak; z, ⌧) =
k�1X

p=1

(�1)np+1 e�
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A1 · · ·Ap�1

0
0 Ap+2 · · ·Ak; z, ⌧
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(np+np+1)
p,p+1

+
kX
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(3.19) {eq:gamma_differential}

where similarly to the case of MPLs the hat indicates that the corresponding argument is

absent, and we have introduced the shorthands

A
[r]
i ⌘

�
ni+r
zi

�
and A

[0]
i ⌘ Ai . (3.20)

In the previous equation, we let (z0, zk+1) = (z, 0) and (n0, nk+1) = (0, 0), and we use the

convention that the binomial number
��1
�1

�
is 1. The di↵erential one-forms !

(n)
ij are given

by

!
(n)
ij ⌘ !

(n)(zj � zi) = (dzj � dzi) g
(n)(zj � zi, ⌧) +

nd⌧

2⇡i
g
(n+1)(zj � zi, ⌧) , (3.21) {eq:empl_letter}

with g
(�1)(z, ⌧) = 0. We note here that both ordinary and elliptic MPLs satisfy a dif-

ferential equation without homogeneous term, as can be seen from eqs. (2.5) and (3.19).

Functions of this type are called unipotent. The di↵erential equation satisfied by unipotent

functions serves as the basis to define a symbol map and a coaction on them [157]. The

coaction decomposes every MPL (elliptic or not) into a tensor product whose first entry is

itself an MPL, while the second entry is interpreted as a symbol of sorts. In the non-elliptic

case, this coaction is closely related to the coaction on ordinary MPLs [149, 158, 159] (see

also ref. [12, 18]). Details about this construction in the case of eMPLs can be found in

ref. [125].

Not all the functions encountered when working with elliptic curves are unipotent. In

particular, the periods and quasi-periods in eq. (3.1) and (3.5) give rise to non-unipotent

functions. To see how they arise, it is convenient to combine the periods and quasi-periods

into a 2⇥ 2 matrix

P =

 
!1 !2

⌘1 ⌘2

!
, (3.22)

The Legendre relation in eq. (3.8) reduces to detP = �i⇡. We can write this matrix as

the product of two matrices, P = SU , with

S =

 
!1 0

⌘1 �i⇡/!1

!
and U =

 
1 ⌧

0 1

!
. (3.23) {eq:US_matrix}

We stress that this factorisation is based on a choice, because we have singled out !1 with

respect to !2. While from a purely mathematically standpoint there is no natural way to
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eq. (2.5). The formula for the total di↵erential reads [125],
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p,p+1

#
,

(3.19) {eq:gamma_differential}
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[r]
p+1 · · ·Ak; z, ⌧

⌘
!

(np�r)
p,p+1

#
,

(3.19) {eq:gamma_differential}
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(3.19) {eq:gamma_differential}
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We stress that this factorisation is based on a choice, because we have singled out !1 with

respect to !2. While from a purely mathematically standpoint there is no natural way to
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Important:                   have at most simple poles forg(n)(z, ⌧)
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z = m+ n⌧, m, n 2 Z
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Total differential without homogeneous term (= unipotent)
— Broedel, Duhr, Dulat, Penante, Tancredi, 2018 — 



More generally, at the level of the generating function, we have

F (z + 1,↵, ⌧) = F (z,↵, ⌧) and F (z + ⌧,↵, ⌧) = e�2⇡i↵ F (z,↵, ⌧) . (3.10)

Hence, strictly speaking, the g(n) are not well-defined functions on the torus. One can show

that it is not possible to find a set of independent integration kernels that are at the same

time holomorphic, periodic and have at most simple poles at the lattice points. Instead,

one has to give up either holomorphicity or periodicity in order to define generalizations of

MPLs to elliptic curves. While in our applications the holomorphic, but non-periodic, ver-

sion of eMPLs defined in eq. (3.2) is most appropriate, we mention that in the mathematics

and string theory literature it is customary to consider iterated integrals defined through

integration kernels that are periodic, at the expense of giving up holomorphicity [68, 69, 78],

�( n1 ... nk
z1 ... zk ; z, ⌧) =

Z z

0
dz0 f (n1)(z0 � z1, ⌧)�

� n2 ... nk
z2 ... zk ; z

0, ⌧
�
, (3.11)

where the functions f (n) are defined by the generating series

⌦(z,↵, ⌧) =
1

↵

X

n�0

f (n)(z, ⌧)↵n = exp


2⇡i↵

Im z

Im ⌧

�
F (z,↵, ⌧) . (3.12)

The functions f (n)(z, ⌧) are periodic with respect to translations in both the real and

⌧ directions, but they depend explicitly on the antiholomorphic variable z̄ through the

exponential factor in the right-hand side of eq. (3.12).

3.2 The total di↵erential and the symbol of eMPLs

In this section we propose a generalization of the notion of symbols from ordinary MPLs to

eMPLs. Our starting point is the recursive definition of the symbol in eqs. (2.9) and (2.10).

In order to apply the recursion, we need a closed form for the total di↵erential of eMPLs,

similar to eq. (2.11). We also need to modify the recursive definition slightly, because in

the case of eMPLs not all the basic integration kernels have logarithmic divergences, but

some of them are regular everywhere. In the next subsection we give the general formula

for the total di↵erential and the resulting symbol map, and we discuss some of its basic

properties.

If we introduce the following shorthand for the arguments of eMPLs

A[r]
i ⌘

�
ni+r
zi

�
and A[0]

i ⌘ Ai , (3.13)

the total di↵erential of an eMPL takes the form

de� (A1 · · ·Ak; z, ⌧) =
k�1X

p=1

(�1)np+1 e�
�
A1 · · ·Ap�1

0
0 Ap+2 · · ·Ak; z, ⌧

�
!
(np+np+1)
p,p+1

+
kX

p=1

np+1X

r=0

"✓
np�1 + r � 1

np�1 � 1

◆
e�
⇣
A1 · · ·A

[r]
p�1 Âp Ap+1 · · ·Ak; z, ⌧

⌘
!
(np�r)
p,p�1

�

✓
np+1 + r � 1

np+1 � 1

◆
e�
⇣
A1 · · ·Ap�1 Âp A

[r]
p+1 · · ·Ak; z, ⌧

⌘
!
(np�r)
p,p+1

#
,

(3.14)
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one-forms w/ 
 log singularities

A function is called pure if it is unipotent and 
it has at most logarithmic singularities.  

�̃
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are pure!

Like MPLs,      satisfy nice properties �̃
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Total differential without homogeneous term (= unipotent)
— Broedel, Duhr, Dulat, Penante, Tancredi, 2018 — 



So, we can use as guiding principle

An elliptic Feynman integral is pure if it is pure 
when expressed in terms of  

Linear combination of      with coefficients 
being rational numbers
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Homogeneous 

d(f(z, ⌧)�̃(. . . , z, ⌧)) = (df(z, ⌧))�̃(. . . , z, ⌧) + f(z, ⌧)d(�̃(. . . , z, ⌧))
<latexit sha1_base64="+1NWxILk6BGiDMFVq64jWYcA2GQ="></latexit>
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Linear combination of      with coefficients 
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Why bother defining another version of eMPLs?

Homogeneous 
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1 Triangle with massive loop

In this first application, we consider the two-loop non-planar triangle integral with a

massive loop shown in Figure 1. This integral involves two massless propagators and a

massive loop with four propagators with mass m. Two external legs are massless, i.e.

p21 = p22 = 0 and we set our kinematic variable S = �2(p1 · p2). The two loop integral

in question is then

I =

Z
ddk1d

dk2
(i⇡)4

1
Q6

i=1 Di

, (1.1)

where

D1 = k2
1 �m2, D3 = (k1 � p1)

2 �m2, D5 = (k1 � k2 � p1)
2,

D2 = k2
2 �m2, D4 = (k2 � p2)

2 �m2, D6 = (k2 � k1 � p2)
2.

(1.2)

Figure 1. Triangle with massive loop.

The family of integrals related to (1.1) was studied in [] by means of the di↵erential

equations method and written as integrals over elliptic integrals of the first and second

kinds multiplied by ordinary polylogarithms and rational functions.

Here we perform a direct integration over the Feynman parametrisation of this

integral and show that all integrations up to the penultimate can be performed in

terms of MPLs. In order to perform the last integration, we rewrite the integrand as

kernels of the elliptic multiple polylogarithms introduced in []. We present our result in

terms of elliptic polylogarithms defined on the elliptic curve and also on the torus. Part

of the result, when written as a function on the torus, depends on rational points for

the congruence subgroup �(4) ⇢ SL(2,Z), which can be expressed as iterated integrals

over Eisenstein series [].

Our task is to find an order of integration of the Feynman parameters so that linear

reducibility is achieved and all integrals apart from the last one can be performed in
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terms of MPLs. In order to perform the last integration, we rewrite the integrand as

kernels of the elliptic multiple polylogarithms introduced in []. We present our result in

terms of elliptic polylogarithms defined on the elliptic curve and also on the torus. Part

of the result, when written as a function on the torus, depends on rational points for

the congruence subgroup �(4) ⇢ SL(2,Z), which can be expressed as iterated integrals

over Eisenstein series [].

Our task is to find an order of integration of the Feynman parameters so that linear

reducibility is achieved and all integrals apart from the last one can be performed in

1

K(x) =

Z 1

0

dtp
(1� t2)(1� xt2)
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Back to the sunrise, the maximal cut  
didn’t look  very much like                 …g(n)(z, ⌧)

<latexit sha1_base64="iU+tx2u7Jwkwv8hwNTgqCNL+LM0=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAYhAQm7Iugx6MVjBPOAZA2zk0kyZHZ2mYeQLPkSLx4U8eqnePNvnCR70MSChqKqm+6uMOFMac/7dtbWNza3tnM7+d29/YOCe3jUULGRhNZJzGPZCrGinAla10xz2kokxVHIaTMc3c785hOVisXiQY8TGkR4IFifEayt1HULg8e0JMrT0uS8o7Epd92iV/HmQKvEz0gRMtS67lenFxMTUaEJx0q1fS/RQYqlZoTTab5jFE0wGeEBbVsqcERVkM4Pn6Izq/RQP5a2hEZz9fdEiiOlxlFoOyOsh2rZm4n/eW2j+9dBykRiNBVksahvONIxmqWAekxSovnYEkwks7ciMsQSE22zytsQ/OWXV0njouJ7Ff/+sli9yeLIwQmcQgl8uIIq3EEN6kDAwDO8wpszcV6cd+dj0brmZDPH8AfO5w+MEpJa</latexit><latexit sha1_base64="iU+tx2u7Jwkwv8hwNTgqCNL+LM0=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAYhAQm7Iugx6MVjBPOAZA2zk0kyZHZ2mYeQLPkSLx4U8eqnePNvnCR70MSChqKqm+6uMOFMac/7dtbWNza3tnM7+d29/YOCe3jUULGRhNZJzGPZCrGinAla10xz2kokxVHIaTMc3c785hOVisXiQY8TGkR4IFifEayt1HULg8e0JMrT0uS8o7Epd92iV/HmQKvEz0gRMtS67lenFxMTUaEJx0q1fS/RQYqlZoTTab5jFE0wGeEBbVsqcERVkM4Pn6Izq/RQP5a2hEZz9fdEiiOlxlFoOyOsh2rZm4n/eW2j+9dBykRiNBVksahvONIxmqWAekxSovnYEkwks7ciMsQSE22zytsQ/OWXV0njouJ7Ff/+sli9yeLIwQmcQgl8uIIq3EEN6kDAwDO8wpszcV6cd+dj0brmZDPH8AfO5w+MEpJa</latexit><latexit sha1_base64="iU+tx2u7Jwkwv8hwNTgqCNL+LM0=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAYhAQm7Iugx6MVjBPOAZA2zk0kyZHZ2mYeQLPkSLx4U8eqnePNvnCR70MSChqKqm+6uMOFMac/7dtbWNza3tnM7+d29/YOCe3jUULGRhNZJzGPZCrGinAla10xz2kokxVHIaTMc3c785hOVisXiQY8TGkR4IFifEayt1HULg8e0JMrT0uS8o7Epd92iV/HmQKvEz0gRMtS67lenFxMTUaEJx0q1fS/RQYqlZoTTab5jFE0wGeEBbVsqcERVkM4Pn6Izq/RQP5a2hEZz9fdEiiOlxlFoOyOsh2rZm4n/eW2j+9dBykRiNBVksahvONIxmqWAekxSovnYEkwks7ciMsQSE22zytsQ/OWXV0njouJ7Ff/+sli9yeLIwQmcQgl8uIIq3EEN6kDAwDO8wpszcV6cd+dj0brmZDPH8AfO5w+MEpJa</latexit><latexit sha1_base64="iU+tx2u7Jwkwv8hwNTgqCNL+LM0=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAYhAQm7Iugx6MVjBPOAZA2zk0kyZHZ2mYeQLPkSLx4U8eqnePNvnCR70MSChqKqm+6uMOFMac/7dtbWNza3tnM7+d29/YOCe3jUULGRhNZJzGPZCrGinAla10xz2kokxVHIaTMc3c785hOVisXiQY8TGkR4IFifEayt1HULg8e0JMrT0uS8o7Epd92iV/HmQKvEz0gRMtS67lenFxMTUaEJx0q1fS/RQYqlZoTTab5jFE0wGeEBbVsqcERVkM4Pn6Izq/RQP5a2hEZz9fdEiiOlxlFoOyOsh2rZm4n/eW2j+9dBykRiNBVksahvONIxmqWAekxSovnYEkwks7ciMsQSE22zytsQ/OWXV0njouJ7Ff/+sli9yeLIwQmcQgl8uIIq3EEN6kDAwDO8wpszcV6cd+dj0brmZDPH8AfO5w+MEpJa</latexit>



Periods:

y2 = (x� a1)(x� a2)(x� a3)(x� a4) ⌘ P4(x)
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!1 = 2c4

Z a3

a2

dx

y
= 2K(�) !2 = 2c4

Z a2

a1

dx

y
= 2 iK(1� �)
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Elliptic curves

c4 =
1

2

p
(a1 � a3)(a2 � a4)
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We want: iterated integral of rational functions of x and y 
where                   .y2 = P4(x)
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y2 = (x� a1)(x� a2)(x� a3)(x� a4) ⌘ P4(x)
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vs.

It can be shown that every elliptic curve defined over the complex numbers (which

means that we are looking for complex solutions to the polynomial equation y
2 = P4(x))

is isomorphic to a complex torus, i.e., the quotient of the complex plane C by a two-

dimensional lattice ⇤. In our case the relevant lattice is the lattice !1Z + !2Z spanned

by the two periods. We can perform a rescaling without changing the geometry, and from

now on we will always be working with the torus defined by the lattice ⇤⌧ = Z+ ⌧Z, where

⌧ = !2/!1 denotes the ratio of the two periods, with Im ⌧ > 0. In other words, every ⌧ in

the upper half-plane H = {⌧ 2 C : Im ⌧ > 0} defines a two-dimensional lattice, and thus an

elliptic curve. Di↵erent values of ⌧ may still define the same elliptic curve. One can show

that ⌧, ⌧
0
2 H define the same elliptic curve if and only if they are related by a modular

transformation, i.e., a Möbius transformation for SL(2,Z). The space of geometrically-

distinct tori (the so-called moduli space) can then be identified with the quotient of the

upper half-plane H by the modular group SL(2,Z).

The map from the torus C/⇤⌧ to the curve defined by the polynomial equation y
2 =

P4(x) can be explicitly realised. One can show that there is a function (.,~a) : C/⇤⌧ ! C

which satisfies the di↵erential equation (c40(z,~a))2 = P4((z,~a)), and the image of the

torus under  can be identified with the elliptic curve y
2 = P4(x). The explicit form of

 is not important in the following, and we refer to ref. [121] for its explicit definition.

Here we only mention that  is a meromorphic function of z and it is doubly-periodic, that

is (z + 1,~a) = (z + ⌧,~a) = (z,~a). A function satisfying these properties is called an

elliptic function. Moreover,  is an even function of z, and it maps the half-periods to the

branch-points ai,

(0,~a) = a1 , (⌧/2,~a) = a2 , (1/2 + ⌧/2,~a) = a3 , (1/2,~a) = a4 . (3.9) {eq:kappa_half_periods}

The inverse map to  is called Abel’s map and is defined in the following way. If [X,Y, 1] 2

CP
2 is a point satisfying Y

2 = P4(X), then its image on the torus is

zX =
c4

!1

Z X

a1

dx

y
=

p
a13a24

4K(�)

Z X

a1

dx

y
. (3.10) {eq:Abel}

In the following an important role will be played by the image z⇤ on the torus of the point

x = �1, defined by

z⇤ =
c4

!1

Z �1

a1

dx

y
=

p
a13a24

4K(�)

Z �1

a1

dx

y
. (3.11) {eq:zstar_int}

It is possible to obtain a closed analytic expression for z⇤ in terms of elliptic integrals of

the first kind. In the case where the branch points a1 < a2 < a3 < a4 are all real and the

branches of the square root are chosen according to eq. (3.4), we can evaluate the integral

in terms of elliptic integrals of the first kind (see Appendix A). We find

z⇤ = Z⇤(↵,�) ⌘
1

2
�

F(
p
↵|�)

2K(�)
, ↵ =

a13

a14
, (3.12) {eq:zstar}

where F denotes the incomplete elliptic integral of the first kind,

F(x|�) =

Z x

0

dtp
(1� t2)(1� �t2)

. (3.13) {eq:F_def}
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Kappa function

(x, y) = ((z), c4
0(z))
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Abel’s map

⌧ =
!2

!1
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Elliptic Curves and Torii

y2 = P4(x)
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(x, y) 7! zx ⌘ c4
!1

Z x

a1

dx

y
mod ⇤
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To summarise:

We define a basis of eMPLs on the elliptic curve such that

1. They form a basis for all eMPLs 

2. They are pure 

3. They have definite parity 

4. They manifestly contain ordinary MPLs

(x, y) ! (x,�y)
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Infinitely many kernels,         but only   
             typically appear in explicit problems 

 n
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<latexit sha1_base64="1hQnaa8pxlPAHZd7QlAiCDb7N0A=">AAACD3icbVDLTgIxFL3jE/GFunQzkZi4IjPERFeGxI1LTOSRACGdzh1o6HTGtkMkAx+hW/0Pd8atn+Bv+AUWmIWAJ2lycs697enxYs6Udpxva219Y3NrO7eT393bPzgsHB3XVZRIijUa8Ug2PaKQM4E1zTTHZiyRhB7Hhje4nfqNIUrFIvGgRzF2QtITLGCUaCM1x2Lc5vhY7haKTsmZwV4lbkaKkKHaLfy0/YgmIQpNOVGq5Tqx7qREakY5TvLtRGFM6ID0sGWoICGqTjrLO7HPjeLbQSTNEdqeqX83UhIqNQo9MxkS3VfL3lT8z2slOrjupEzEiUZB5w8FCbd1ZE8/b/tMItV8ZAihkpmsNu0TSag2FS3c5A9ZrLLUT/PYeVOSu1zJKqmXS67h95fFyk1WVw5O4QwuwIUrqMAdVKEGFDi8wCu8Wc/Wu/Vhfc5H16xs5wQWYH39AnY7nbw=</latexit><latexit sha1_base64="1hQnaa8pxlPAHZd7QlAiCDb7N0A=">AAACD3icbVDLTgIxFL3jE/GFunQzkZi4IjPERFeGxI1LTOSRACGdzh1o6HTGtkMkAx+hW/0Pd8atn+Bv+AUWmIWAJ2lycs697enxYs6Udpxva219Y3NrO7eT393bPzgsHB3XVZRIijUa8Ug2PaKQM4E1zTTHZiyRhB7Hhje4nfqNIUrFIvGgRzF2QtITLGCUaCM1x2Lc5vhY7haKTsmZwV4lbkaKkKHaLfy0/YgmIQpNOVGq5Tqx7qREakY5TvLtRGFM6ID0sGWoICGqTjrLO7HPjeLbQSTNEdqeqX83UhIqNQo9MxkS3VfL3lT8z2slOrjupEzEiUZB5w8FCbd1ZE8/b/tMItV8ZAihkpmsNu0TSag2FS3c5A9ZrLLUT/PYeVOSu1zJKqmXS67h95fFyk1WVw5O4QwuwIUrqMAdVKEGFDi8wCu8Wc/Wu/Vhfc5H16xs5wQWYH39AnY7nbw=</latexit><latexit sha1_base64="1hQnaa8pxlPAHZd7QlAiCDb7N0A=">AAACD3icbVDLTgIxFL3jE/GFunQzkZi4IjPERFeGxI1LTOSRACGdzh1o6HTGtkMkAx+hW/0Pd8atn+Bv+AUWmIWAJ2lycs697enxYs6Udpxva219Y3NrO7eT393bPzgsHB3XVZRIijUa8Ug2PaKQM4E1zTTHZiyRhB7Hhje4nfqNIUrFIvGgRzF2QtITLGCUaCM1x2Lc5vhY7haKTsmZwV4lbkaKkKHaLfy0/YgmIQpNOVGq5Tqx7qREakY5TvLtRGFM6ID0sGWoICGqTjrLO7HPjeLbQSTNEdqeqX83UhIqNQo9MxkS3VfL3lT8z2slOrjupEzEiUZB5w8FCbd1ZE8/b/tMItV8ZAihkpmsNu0TSag2FS3c5A9ZrLLUT/PYeVOSu1zJKqmXS67h95fFyk1WVw5O4QwuwIUrqMAdVKEGFDi8wCu8Wc/Wu/Vhfc5H16xs5wQWYH39AnY7nbw=</latexit><latexit sha1_base64="1hQnaa8pxlPAHZd7QlAiCDb7N0A=">AAACD3icbVDLTgIxFL3jE/GFunQzkZi4IjPERFeGxI1LTOSRACGdzh1o6HTGtkMkAx+hW/0Pd8atn+Bv+AUWmIWAJ2lycs697enxYs6Udpxva219Y3NrO7eT393bPzgsHB3XVZRIijUa8Ug2PaKQM4E1zTTHZiyRhB7Hhje4nfqNIUrFIvGgRzF2QtITLGCUaCM1x2Lc5vhY7haKTsmZwV4lbkaKkKHaLfy0/YgmIQpNOVGq5Tqx7qREakY5TvLtRGFM6ID0sGWoICGqTjrLO7HPjeLbQSTNEdqeqX83UhIqNQo9MxkS3VfL3lT8z2slOrjupEzEiUZB5w8FCbd1ZE8/b/tMItV8ZAihkpmsNu0TSag2FS3c5A9ZrLLUT/PYeVOSu1zJKqmXS67h95fFyk1WVw5O4QwuwIUrqMAdVKEGFDi8wCu8Wc/Wu/Vhfc5H16xs5wQWYH39AnY7nbw=</latexit>

Meet the pure eMPLs on the elliptic curve:

ni 2 Z
<latexit sha1_base64="MpdxAlfNZrXYHtUD6l1fhXLVsiU=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIuiy6cVnBPrAJYTKdtEMnkzAzUUrsp7hxoYhbv8Sdf+OkzUJbDwwczrmXe+aEKWdKO863tbK6tr6xWdmqbu/s7u3btYOOSjJJaJskPJG9ECvKmaBtzTSnvVRSHIecdsPxdeF3H6hULBF3epJSP8ZDwSJGsDZSYNdEwDwmkBdjPQrD/H4a2HWn4cyAlolbkjqUaAX2lzdISBZToQnHSvVdJ9V+jqVmhNNp1csUTTEZ4yHtGypwTJWfz6JP0YlRBihKpHlCo5n6eyPHsVKTODSTRUK16BXif14/09GlnzORZpoKMj8UZRzpBBU9oAGTlGg+MQQTyUxWREZYYqJNW1VTgrv45WXSOWu4TsO9Pa83r8o6KnAEx3AKLlxAE26gBW0g8AjP8Apv1pP1Yr1bH/PRFavcOYQ/sD5/AD4dk/o=</latexit><latexit sha1_base64="MpdxAlfNZrXYHtUD6l1fhXLVsiU=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIuiy6cVnBPrAJYTKdtEMnkzAzUUrsp7hxoYhbv8Sdf+OkzUJbDwwczrmXe+aEKWdKO863tbK6tr6xWdmqbu/s7u3btYOOSjJJaJskPJG9ECvKmaBtzTSnvVRSHIecdsPxdeF3H6hULBF3epJSP8ZDwSJGsDZSYNdEwDwmkBdjPQrD/H4a2HWn4cyAlolbkjqUaAX2lzdISBZToQnHSvVdJ9V+jqVmhNNp1csUTTEZ4yHtGypwTJWfz6JP0YlRBihKpHlCo5n6eyPHsVKTODSTRUK16BXif14/09GlnzORZpoKMj8UZRzpBBU9oAGTlGg+MQQTyUxWREZYYqJNW1VTgrv45WXSOWu4TsO9Pa83r8o6KnAEx3AKLlxAE26gBW0g8AjP8Apv1pP1Yr1bH/PRFavcOYQ/sD5/AD4dk/o=</latexit><latexit sha1_base64="MpdxAlfNZrXYHtUD6l1fhXLVsiU=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIuiy6cVnBPrAJYTKdtEMnkzAzUUrsp7hxoYhbv8Sdf+OkzUJbDwwczrmXe+aEKWdKO863tbK6tr6xWdmqbu/s7u3btYOOSjJJaJskPJG9ECvKmaBtzTSnvVRSHIecdsPxdeF3H6hULBF3epJSP8ZDwSJGsDZSYNdEwDwmkBdjPQrD/H4a2HWn4cyAlolbkjqUaAX2lzdISBZToQnHSvVdJ9V+jqVmhNNp1csUTTEZ4yHtGypwTJWfz6JP0YlRBihKpHlCo5n6eyPHsVKTODSTRUK16BXif14/09GlnzORZpoKMj8UZRzpBBU9oAGTlGg+MQQTyUxWREZYYqJNW1VTgrv45WXSOWu4TsO9Pa83r8o6KnAEx3AKLlxAE26gBW0g8AjP8Apv1pP1Yr1bH/PRFavcOYQ/sD5/AD4dk/o=</latexit><latexit sha1_base64="MpdxAlfNZrXYHtUD6l1fhXLVsiU=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIuiy6cVnBPrAJYTKdtEMnkzAzUUrsp7hxoYhbv8Sdf+OkzUJbDwwczrmXe+aEKWdKO863tbK6tr6xWdmqbu/s7u3btYOOSjJJaJskPJG9ECvKmaBtzTSnvVRSHIecdsPxdeF3H6hULBF3epJSP8ZDwSJGsDZSYNdEwDwmkBdjPQrD/H4a2HWn4cyAlolbkjqUaAX2lzdISBZToQnHSvVdJ9V+jqVmhNNp1csUTTEZ4yHtGypwTJWfz6JP0YlRBihKpHlCo5n6eyPHsVKTODSTRUK16BXif14/09GlnzORZpoKMj8UZRzpBBU9oAGTlGg+MQQTyUxWREZYYqJNW1VTgrv45WXSOWu4TsO9Pa83r8o6KnAEx3AKLlxAE26gBW0g8AjP8Apv1pP1Yr1bH/PRFavcOYQ/sD5/AD4dk/o=</latexit>

is a label 

ci 2 C
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roots, the original integrand is a purely rational object. Hence, the final analytic

result including square roots must be independent of the choice of the branch of the

root. This implies that the pure function part must have definite ‘parity’ with respect

to the operation of changing the sign of the root. For example, we see that the one-

loop bubble integral in eq. (2.7) is independent of the sign of the square root, and

both the algebraic prefactor and the pure function part are odd functions. In the case

of eMPLs, changing the sign of the square root corresponds to the operation (x, y) $

(x,�y). Since (x, y) = ((z,~a), c4 0(z,~a)), this operation corresponds on the torus

to changing the sign of z. We would thus like to have a basis of pure functions that

have definite parity under this operation. The basis e� does not have this property,

and we prefer to work with an alternative basis that makes this symmetry manifest.

2. From the mathematical point of view, elliptic curves and the functions associated

to them are most naturally studied in terms of complex tori and the coordinate z.

Feynman integrals, however, are more naturally expressed in terms of the variables

(x, y), because these variables are more directly related to the kinematics of the

process under consideration. We would therefore like to have a basis of pure eMPLs

formulated directly in terms of the variables (x, y).

4.2 Pure elliptic multiple polylogarithms
{sec:pure_eMPLs}

In this section we introduce a new class of iterated integrals on the elliptic curve defined

by the polynomial equation y
2 = P4(x) with the following properties:

1. They form a basis for the space of all eMPLs.

2. They are pure.

3. They have definite parity.

4. They manifestly contain ordinary MPLs.

The definition reads

E4(
n1 ... nk
c1 ... ck ;x,~a) =

Z x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) , (4.7) {eq:cE4_def}

with ni 2 Z and ci 2
bC. Equation (4.7) is of course equivalent to the di↵erential equation,

@xE4(
n1 ... nk
c1 ... ck ;x,~a) =  n1(c1, x) E4(

n2 ... nk
c2 ... ck ;x,~a) . (4.8) {eq:cE4_derivative}

The length and the weight are specified in analogy with the case of the E4 functions in

eq. (3.24). The integration kernels are defined implicitly through the identity (for n � 0)

dx ±n(c, x,~a) (4.9) {eq:Psi_to_gh}

= dzx

h
g
(n)(zx � zc, ⌧)± g

(n)(zx + zc, ⌧)� �±n,1

⇣
g
(1)(zx � z⇤, ⌧) + g

(1)(zx + z⇤, ⌧)
⌘i

.

It is easy to check that the class of functions defined in this way satisfies the four properties

outlined above: First, there is a one-to-one map between the kernels  ±n and the functions

– 15 –

ni 2 Z
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indicate punctures (for               ) |ni| = 1
<latexit sha1_base64="N6AS3/R5+O1Rapv8+AhwmsGmqVo=">AAACEHicbVDLTgIxFL3jE/GFunTTSExckRk00Y0J0Y1LTORhYEI6nQ40dDqTtkMkAz+hW/0Pd8atf+Bv+AUWmIWAJ2lycs697enxYs6Utu1va2V1bX1jM7eV397Z3dsvHBzWVZRIQmsk4pFselhRzgStaaY5bcaS4tDjtOH1byd+Y0ClYpF40MOYuiHuChYwgrWRHkdIdNgIXTudQtEu2VOgZeJkpAgZqp3CT9uPSBJSoQnHSrUcO9ZuiqVmhNNxvp0oGmPSx13aMlTgkCo3nQYeo1Oj+CiIpDlCo6n6dyPFoVLD0DOTIdY9tehNxP+8VqKDKzdlIk40FWT2UJBwpCM0+T3ymaRE86EhmEhmsiLSwxITbTqau8kfsFhlqZ9msfOmJGexkmVSL5ec81L5/qJYucnqysExnMAZOHAJFbiDKtSAQAgv8Apv1rP1bn1Yn7PRFSvbOYI5WF+/CpaddA==</latexit>

and for other configuration of the branch points (or complex complex ones), z⇤ may pick

up a minus sign depending on the conventions for the branches of the square root. Finally,

the kernels entering the pure eMPLs depend on the function G⇤(~a) which is simply the

image of the point z⇤ under g(1) (see eq. (2.18)),

G⇤(~a) ⌘
1

!1
g(1)(z⇤, ⌧) . (2.23) {eq:G_infty_def}{eq:G_infty_def}

As shown in ref. [3], G⇤ can also be written in terms of known (incomplete) elliptic integrals

of the first and second kinds. In the situation where the branch points ~a are real and ordered

according to a1 < a2 < a3 < a4 we have

G⇤(~a) =

✓
2⌘1
!1

�
�

3
+

2

3

◆
F
�p

↵|�
�
� E

�p
↵|�

�
+

r
↵(↵�� 1)

↵� 1
. (2.24) {eq:G_infty_KE}{eq:G_infty_KE}

In the special case where the point z⇤ is of the form1

z⇤ = a+ b ⌧(�) , (2.25)

for a and b constants, then G⇤(~a) admits an even simpler form, namely

G⇤(~a) =
(1� �) [�↵0(�) + ↵]p

↵(1� ↵)(1� ↵�)
� b

2⇡i

!1
. (2.26)

At last, we are ready to lay down the expressions for the kernels.

For n = 0, there is only one kernel,

 0(0, x,~a) =
c4
!1 y

. (2.27) {eq:pure_psi0}{eq:pure_psi0}

For n = 1, we have (with c 6= 1)

 1(c, x,~a) =
1

x� c
,

 �1(c, x,~a) =
yc

y(x� c)
+ Z4(c,~a)

c4
y
, (2.28) {eq:pure_psi1}{eq:pure_psi1}

 1(1, x,~a) = �Z4(x,~a)
c4
y
,

 �1(1, x,~a) =
x

y
�

1

y
[a1 + 2c4G⇤(~a)] ,

1The situation with a, b 2 Q is common in applications, and a point of this form is called a rational

point.
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g
(n)(zx ± zc, ⌧). Since the latter define the basis of eMPLs e�, there is a one-to-one map

between the functions E4 and e�, and so the iterated integrals in eq. (4.7) define a basis for

the space of all eMPLs. Second, since the coe�cients in eq. (4.9) are all ±1, the functions

E4 can be written as a Q-linear combination of e� functions, and so the E4 functions are

pure. Third, it is easy to see that eq. (4.9) has definite parity under changing the sign of

zx. Hence, the E4 functions define a pure basis of eMPLs with definite parity. Finally, the

term proportional to a Kronecker � is conventional, and added so that (cf. eq. (3.29))
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In this way we make manifest that ordinary MPLs are a subset of eMPLs,
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Given the properties that the iterated integrals in eq. (4.7) fulfil, we argue that this class of

functions is very well suited to express Feynman integrals that can be written in terms of

eMPLs. We will illustrate this on several non-trivial elliptic Feynman integrals in Section 5.

In the remainder of this section we study in more detail the properties of the E4 functions.

4.3 Integration kernels defining pure eMPLs

So far we have defined the kernels  ±n in eq. (4.9) only implicitly through their relation-

ship to the coe�cients of the Eisenstein-Kronecker series. In ref. [121] it was shown that

there is a one-to-one map between the g
(n) functions and the kernels  ±n defined in Sec-

tion 3. Using the results of ref. [121] we can give an explicit representation of the kernels

that appear in eq. (4.7). We present here explicitly the formulæ up to n = 1, and the

corresponding formulas for n = 2 are given in Appendix B. The extension to higher values

of n is straightforward. For n = 0, we find
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(1),
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!1
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roots, the original integrand is a purely rational object. Hence, the final analytic

result including square roots must be independent of the choice of the branch of the

root. This implies that the pure function part must have definite ‘parity’ with respect

to the operation of changing the sign of the root. For example, we see that the one-

loop bubble integral in eq. (2.7) is independent of the sign of the square root, and

both the algebraic prefactor and the pure function part are odd functions. In the case

of eMPLs, changing the sign of the square root corresponds to the operation (x, y) $

(x,�y). Since (x, y) = ((z,~a), c4 0(z,~a)), this operation corresponds on the torus

to changing the sign of z. We would thus like to have a basis of pure functions that

have definite parity under this operation. The basis e� does not have this property,

and we prefer to work with an alternative basis that makes this symmetry manifest.

2. From the mathematical point of view, elliptic curves and the functions associated

to them are most naturally studied in terms of complex tori and the coordinate z.

Feynman integrals, however, are more naturally expressed in terms of the variables

(x, y), because these variables are more directly related to the kinematics of the

process under consideration. We would therefore like to have a basis of pure eMPLs

formulated directly in terms of the variables (x, y).

4.2 Pure elliptic multiple polylogarithms
{sec:pure_eMPLs}

In this section we introduce a new class of iterated integrals on the elliptic curve defined

by the polynomial equation y
2 = P4(x) with the following properties:

1. They form a basis for the space of all eMPLs.

2. They are pure.

3. They have definite parity.

4. They manifestly contain ordinary MPLs.

The definition reads

E4(
n1 ... nk
c1 ... ck ;x,~a) =

Z x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) , (4.7) {eq:cE4_def}

with ni 2 Z and ci 2
bC. Equation (4.7) is of course equivalent to the di↵erential equation,

@xE4(
n1 ... nk
c1 ... ck ;x,~a) =  n1(c1, x) E4(

n2 ... nk
c2 ... ck ;x,~a) . (4.8) {eq:cE4_derivative}

The length and the weight are specified in analogy with the case of the E4 functions in

eq. (3.24). The integration kernels are defined implicitly through the identity (for n � 0)

dx ±n(c, x,~a) (4.9) {eq:Psi_to_gh}

= dzx

h
g
(n)(zx � zc, ⌧)± g

(n)(zx + zc, ⌧)� �±n,1

⇣
g
(1)(zx � z⇤, ⌧) + g

(1)(zx + z⇤, ⌧)
⌘i

.

It is easy to check that the class of functions defined in this way satisfies the four properties

outlined above: First, there is a one-to-one map between the kernels  ±n and the functions
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roots, the original integrand is a purely rational object. Hence, the final analytic

result including square roots must be independent of the choice of the branch of the

root. This implies that the pure function part must have definite ‘parity’ with respect

to the operation of changing the sign of the root. For example, we see that the one-

loop bubble integral in eq. (2.7) is independent of the sign of the square root, and

both the algebraic prefactor and the pure function part are odd functions. In the case

of eMPLs, changing the sign of the square root corresponds to the operation (x, y) $

(x,�y). Since (x, y) = ((z,~a), c4 0(z,~a)), this operation corresponds on the torus

to changing the sign of z. We would thus like to have a basis of pure functions that

have definite parity under this operation. The basis e� does not have this property,

and we prefer to work with an alternative basis that makes this symmetry manifest.

2. From the mathematical point of view, elliptic curves and the functions associated

to them are most naturally studied in terms of complex tori and the coordinate z.

Feynman integrals, however, are more naturally expressed in terms of the variables

(x, y), because these variables are more directly related to the kinematics of the

process under consideration. We would therefore like to have a basis of pure eMPLs

formulated directly in terms of the variables (x, y).

4.2 Pure elliptic multiple polylogarithms
{sec:pure_eMPLs}

In this section we introduce a new class of iterated integrals on the elliptic curve defined

by the polynomial equation y
2 = P4(x) with the following properties:

1. They form a basis for the space of all eMPLs.

2. They are pure.

3. They have definite parity.

4. They manifestly contain ordinary MPLs.

The definition reads

E4(
n1 ... nk
c1 ... ck ;x,~a) =

Z x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) , (4.7) {eq:cE4_def}

with ni 2 Z and ci 2
bC. Equation (4.7) is of course equivalent to the di↵erential equation,

@xE4(
n1 ... nk
c1 ... ck ;x,~a) =  n1(c1, x) E4(

n2 ... nk
c2 ... ck ;x,~a) . (4.8) {eq:cE4_derivative}

The length and the weight are specified in analogy with the case of the E4 functions in

eq. (3.24). The integration kernels are defined implicitly through the identity (for n � 0)

dx ±n(c, x,~a) (4.9) {eq:Psi_to_gh}

= dzx

h
g
(n)(zx � zc, ⌧)± g

(n)(zx + zc, ⌧)� �±n,1

⇣
g
(1)(zx � z⇤, ⌧) + g

(1)(zx + z⇤, ⌧)
⌘i

.

It is easy to check that the class of functions defined in this way satisfies the four properties

outlined above: First, there is a one-to-one map between the kernels  ±n and the functions
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roots, the original integrand is a purely rational object. Hence, the final analytic

result including square roots must be independent of the choice of the branch of the

root. This implies that the pure function part must have definite ‘parity’ with respect

to the operation of changing the sign of the root. For example, we see that the one-

loop bubble integral in eq. (2.7) is independent of the sign of the square root, and

both the algebraic prefactor and the pure function part are odd functions. In the case

of eMPLs, changing the sign of the square root corresponds to the operation (x, y) $

(x,�y). Since (x, y) = ((z,~a), c4 0(z,~a)), this operation corresponds on the torus

to changing the sign of z. We would thus like to have a basis of pure functions that

have definite parity under this operation. The basis e� does not have this property,

and we prefer to work with an alternative basis that makes this symmetry manifest.

2. From the mathematical point of view, elliptic curves and the functions associated

to them are most naturally studied in terms of complex tori and the coordinate z.

Feynman integrals, however, are more naturally expressed in terms of the variables

(x, y), because these variables are more directly related to the kinematics of the

process under consideration. We would therefore like to have a basis of pure eMPLs

formulated directly in terms of the variables (x, y).

4.2 Pure elliptic multiple polylogarithms
{sec:pure_eMPLs}

In this section we introduce a new class of iterated integrals on the elliptic curve defined

by the polynomial equation y
2 = P4(x) with the following properties:

1. They form a basis for the space of all eMPLs.

2. They are pure.

3. They have definite parity.

4. They manifestly contain ordinary MPLs.

The definition reads

E4(
n1 ... nk
c1 ... ck ;x,~a) =

Z x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) , (4.7) {eq:cE4_def}

with ni 2 Z and ci 2
bC. Equation (4.7) is of course equivalent to the di↵erential equation,

@xE4(
n1 ... nk
c1 ... ck ;x,~a) =  n1(c1, x) E4(

n2 ... nk
c2 ... ck ;x,~a) . (4.8) {eq:cE4_derivative}

The length and the weight are specified in analogy with the case of the E4 functions in

eq. (3.24). The integration kernels are defined implicitly through the identity (for n � 0)

dx ±n(c, x,~a) (4.9) {eq:Psi_to_gh}

= dzx

h
g
(n)(zx � zc, ⌧)± g

(n)(zx + zc, ⌧)� �±n,1

⇣
g
(1)(zx � z⇤, ⌧) + g

(1)(zx + z⇤, ⌧)
⌘i

.

It is easy to check that the class of functions defined in this way satisfies the four properties

outlined above: First, there is a one-to-one map between the kernels  ±n and the functions
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(x, y), because these variables are more directly related to the kinematics of the

process under consideration. We would therefore like to have a basis of pure eMPLs

formulated directly in terms of the variables (x, y).

4.2 Pure elliptic multiple polylogarithms
{sec:pure_eMPLs}

In this section we introduce a new class of iterated integrals on the elliptic curve defined

by the polynomial equation y
2 = P4(x) with the following properties:

1. They form a basis for the space of all eMPLs.

2. They are pure.

3. They have definite parity.

4. They manifestly contain ordinary MPLs.

The definition reads

E4(
n1 ... nk
c1 ... ck ;x,~a) =

Z x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) , (4.7) {eq:cE4_def}

with ni 2 Z and ci 2
bC. Equation (4.7) is of course equivalent to the di↵erential equation,

@xE4(
n1 ... nk
c1 ... ck ;x,~a) =  n1(c1, x) E4(

n2 ... nk
c2 ... ck ;x,~a) . (4.8) {eq:cE4_derivative}

The length and the weight are specified in analogy with the case of the E4 functions in

eq. (3.24). The integration kernels are defined implicitly through the identity (for n � 0)

dx ±n(c, x,~a) (4.9) {eq:Psi_to_gh}

= dzx

h
g
(n)(zx � zc, ⌧)± g

(n)(zx + zc, ⌧)� �±n,1

⇣
g
(1)(zx � z⇤, ⌧) + g

(1)(zx + z⇤, ⌧)
⌘i

.

It is easy to check that the class of functions defined in this way satisfies the four properties

outlined above: First, there is a one-to-one map between the kernels  ±n and the functions
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2. They are pure

(Linear combination of       with numeric coefficients)�̃
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Meet the pure eMPLs on the elliptic curve:

roots, the original integrand is a purely rational object. Hence, the final analytic

result including square roots must be independent of the choice of the branch of the

root. This implies that the pure function part must have definite ‘parity’ with respect

to the operation of changing the sign of the root. For example, we see that the one-

loop bubble integral in eq. (2.7) is independent of the sign of the square root, and

both the algebraic prefactor and the pure function part are odd functions. In the case

of eMPLs, changing the sign of the square root corresponds to the operation (x, y) $

(x,�y). Since (x, y) = ((z,~a), c4 0(z,~a)), this operation corresponds on the torus

to changing the sign of z. We would thus like to have a basis of pure functions that

have definite parity under this operation. The basis e� does not have this property,

and we prefer to work with an alternative basis that makes this symmetry manifest.

2. From the mathematical point of view, elliptic curves and the functions associated

to them are most naturally studied in terms of complex tori and the coordinate z.

Feynman integrals, however, are more naturally expressed in terms of the variables

(x, y), because these variables are more directly related to the kinematics of the

process under consideration. We would therefore like to have a basis of pure eMPLs

formulated directly in terms of the variables (x, y).

4.2 Pure elliptic multiple polylogarithms
{sec:pure_eMPLs}

In this section we introduce a new class of iterated integrals on the elliptic curve defined

by the polynomial equation y
2 = P4(x) with the following properties:

1. They form a basis for the space of all eMPLs.

2. They are pure.

3. They have definite parity.

4. They manifestly contain ordinary MPLs.

The definition reads

E4(
n1 ... nk
c1 ... ck ;x,~a) =

Z x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) , (4.7) {eq:cE4_def}

with ni 2 Z and ci 2
bC. Equation (4.7) is of course equivalent to the di↵erential equation,

@xE4(
n1 ... nk
c1 ... ck ;x,~a) =  n1(c1, x) E4(

n2 ... nk
c2 ... ck ;x,~a) . (4.8) {eq:cE4_derivative}

The length and the weight are specified in analogy with the case of the E4 functions in

eq. (3.24). The integration kernels are defined implicitly through the identity (for n � 0)

dx ±n(c, x,~a) (4.9) {eq:Psi_to_gh}

= dzx

h
g
(n)(zx � zc, ⌧)± g

(n)(zx + zc, ⌧)� �±n,1

⇣
g
(1)(zx � z⇤, ⌧) + g

(1)(zx + z⇤, ⌧)
⌘i

.

It is easy to check that the class of functions defined in this way satisfies the four properties

outlined above: First, there is a one-to-one map between the kernels  ±n and the functions
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3. They have definite parity

(Recall                                       )g(n)(�z, ⌧) = (�1)ng(n)(z, ⌧)
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(x,�y). Since (x, y) = ((z,~a), c4 0(z,~a)), this operation corresponds on the torus

to changing the sign of z. We would thus like to have a basis of pure functions that

have definite parity under this operation. The basis e� does not have this property,

and we prefer to work with an alternative basis that makes this symmetry manifest.

2. From the mathematical point of view, elliptic curves and the functions associated

to them are most naturally studied in terms of complex tori and the coordinate z.

Feynman integrals, however, are more naturally expressed in terms of the variables

(x, y), because these variables are more directly related to the kinematics of the

process under consideration. We would therefore like to have a basis of pure eMPLs

formulated directly in terms of the variables (x, y).

4.2 Pure elliptic multiple polylogarithms
{sec:pure_eMPLs}

In this section we introduce a new class of iterated integrals on the elliptic curve defined

by the polynomial equation y
2 = P4(x) with the following properties:

1. They form a basis for the space of all eMPLs.

2. They are pure.

3. They have definite parity.

4. They manifestly contain ordinary MPLs.

The definition reads

E4(
n1 ... nk
c1 ... ck ;x,~a) =

Z x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) , (4.7) {eq:cE4_def}

with ni 2 Z and ci 2
bC. Equation (4.7) is of course equivalent to the di↵erential equation,

@xE4(
n1 ... nk
c1 ... ck ;x,~a) =  n1(c1, x) E4(

n2 ... nk
c2 ... ck ;x,~a) . (4.8) {eq:cE4_derivative}

The length and the weight are specified in analogy with the case of the E4 functions in

eq. (3.24). The integration kernels are defined implicitly through the identity (for n � 0)

dx ±n(c, x,~a) (4.9) {eq:Psi_to_gh}

= dzx

h
g
(n)(zx � zc, ⌧)± g

(n)(zx + zc, ⌧)� �±n,1

⇣
g
(1)(zx � z⇤, ⌧) + g

(1)(zx + z⇤, ⌧)
⌘i

.

It is easy to check that the class of functions defined in this way satisfies the four properties

outlined above: First, there is a one-to-one map between the kernels  ±n and the functions
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c1 ... ck ;x,~a) =  n1(c1, x) E4(

n2 ... nk
c2 ... ck ;x,~a) . (4.8) {eq:cE4_derivative}

The length and the weight are specified in analogy with the case of the E4 functions in

eq. (3.24). The integration kernels are defined implicitly through the identity (for n � 0)

dx ±n(c, x,~a) (4.9) {eq:Psi_to_gh}

= dzx

h
g
(n)(zx � zc, ⌧)± g

(n)(zx + zc, ⌧)� �±n,1

⇣
g
(1)(zx � z⇤, ⌧) + g

(1)(zx + z⇤, ⌧)
⌘i

.

It is easy to check that the class of functions defined in this way satisfies the four properties

outlined above: First, there is a one-to-one map between the kernels  ±n and the functions
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g
(n)(zx ± zc, ⌧). Since the latter define the basis of eMPLs e�, there is a one-to-one map

between the functions E4 and e�, and so the iterated integrals in eq. (4.7) define a basis for

the space of all eMPLs. Second, since the coe�cients in eq. (4.9) are all ±1, the functions

E4 can be written as a Q-linear combination of e� functions, and so the E4 functions are

pure. Third, it is easy to see that eq. (4.9) has definite parity under changing the sign of

zx. Hence, the E4 functions define a pure basis of eMPLs with definite parity. Finally, the

term proportional to a Kronecker � is conventional, and added so that (cf. eq. (3.29))

dx 1(c, x,~a) =
dx

x� c
, c 6= 1 . (4.10)

In this way we make manifest that ordinary MPLs are a subset of eMPLs,

E4
�

1 ... 1
c1 ... ck ;x,~a

�
= G(c1, . . . , ck;x) , ci 6= 1 . (4.11) {eq:cE4_to_G}

Given the properties that the iterated integrals in eq. (4.7) fulfil, we argue that this class of

functions is very well suited to express Feynman integrals that can be written in terms of

eMPLs. We will illustrate this on several non-trivial elliptic Feynman integrals in Section 5.

In the remainder of this section we study in more detail the properties of the E4 functions.

4.3 Integration kernels defining pure eMPLs

So far we have defined the kernels  ±n in eq. (4.9) only implicitly through their relationship

to the coe�cients of the Eisenstein-Kronecker series. In ref. [121] it was shown that there

is a one-to-one map between the g
(n) functions and the kernels  ±n defined in Section 3.

Using the results of ref. [121] we can give an explicit representation of the kernels that

appear in eq. (4.7). We present here explicitly the formulæ up to n = 1. The extension to

higher values of n is straightforward. For n = 0, we find

 0(0, x,~a) =
1

!1
 0(0, x,~a) =

c4

!1 y
. (4.12) {eq:pure_psi0}

For n = 1, we have (with c 6= 1)

 1(c, x,~a) =  1(c, x,~a) =
1

x� c
,

 �1(c, x,~a) =  �1(c, x,~a) + Z4(c,~a) 0(0, x,~a) =
yc

y(x� c)
+ Z4(c,~a)

c4

y
, (4.13) {eq:pure_psi1}

 1(1, x,~a) = � 1(1, x,~a) = �Z4(x,~a)
c4

y
,

 �1(1, x,~a) =  �1(1, x,~a)�


a1

c4
+ 2G⇤(~a)

�
 0(0, x,~a) =

x

y
�

1

y
[a1 + 2c4 G⇤(~a)] .

The corresponding formulas for n = 2 are given in Appendix B. The quantity G⇤(~a) in the

last equation corresponds to the image of z⇤ under the function g
(1),

G⇤(~a) ⌘
1

!1
g
(1)(z⇤, ⌧) . (4.14) {eq:G_infty_def}

In eq. (3.12) we have seen that z⇤ can be expressed in terms of elliptic integrals of the first

kind. Similarly, it is possible to derive a closed analytic expression for G⇤(~a) in terms of
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4. They manifestly contain ordinary MPLs
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Meet the pure eMPLs on the elliptic curve:
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Empirically, by requiring relations between uniform weight functions, we postulate:

Weight

We’ll see in applications that using these definitions, results are of uniform weight
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Name Unipotent Length Weight

Rational Functions No 0 0

Algebraic Functions No 0 0

i⇡ No 0 1

⇣2n No 0 2n

⇣2n+1 Yes 0 2n+ 1

log x Yes 1 1

Lin(x) Yes n n

G(c1, . . . , ck;x) Yes k k

!1 No 0 1

⌘1 No 0 1

⌧ Yes 1 0

g
(n)(z, ⌧) No 0 n

h
(n)
N,r,s(⌧) No 0 n

Z4(c,~a) No 0 0

G⇤(~a) No 0 0

E4(
n1 ... nk
c1 ... ck ;x,~a) Yes  k

P
i |ni|

e�( n1 ... nk
z1 ... zk ; z, ⌧) Yes  k

P
i ni

I
�
n1 N1
r1 s1

�� . . .
�� nk Nk
rk sk ; ⌧

�
Yes k

P
i ni

Table 1.
tab:summary
Weight and length of the di↵erent building blocks encountered when working with elliptic

Feynman integrals.

In Section 5 we have illustrated the use of these pure eMPLs in the context of elliptic

Feynman integrals. We have analysed analytic results for elliptic Feynman integrals with up

to four external legs. If one (or more) of the scales vanish, the integrals can be expressed

in terms of ordinary MPLs of uniform weight. In all cases we observe that this weight

agrees with the weight of the eMPLs in the elliptic case. This is the first time that a

notion of uniform weight is observed in the context of Feynman integrals that evaluate

to eMPLs. Given the important role played by pure functions of uniform weight for non-

elliptic Feynman integrals, we believe that our findings will have an impact on future studis

of elliptic Feynman integrals, both for practical computations and for our understanding of

the mathematics of multi-loop integrals and scattering amplitudes in perturbation theory

in general.

Let us conclude this paper by commenting on possible implications of our work for

scattering amplitudes in the N = 4 Super Yang-Mills (SYM) theory. It is known that there

is a specific component of the two-loop 10-point N3MHV super-amplitude which is equal to

a double-box integral which cannot be expressed in terms of ordinary polylogarithms [96,

97, 119]. In ref. [119] this double-box integral was written as a one-fold integral, which can
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Feynman integrals.

In Section 5 we have illustrated the use of these pure eMPLs in the context of elliptic

Feynman integrals. We have analysed analytic results for elliptic Feynman integrals with up

to four external legs. If one (or more) of the scales vanish, the integrals can be expressed

in terms of ordinary MPLs of uniform weight. In all cases we observe that this weight

agrees with the weight of the eMPLs in the elliptic case. This is the first time that a

notion of uniform weight is observed in the context of Feynman integrals that evaluate

to eMPLs. Given the important role played by pure functions of uniform weight for non-

elliptic Feynman integrals, we believe that our findings will have an impact on future studis

of elliptic Feynman integrals, both for practical computations and for our understanding of

the mathematics of multi-loop integrals and scattering amplitudes in perturbation theory

in general.

Let us conclude this paper by commenting on possible implications of our work for

scattering amplitudes in the N = 4 Super Yang-Mills (SYM) theory. It is known that there

is a specific component of the two-loop 10-point N3MHV super-amplitude which is equal to

a double-box integral which cannot be expressed in terms of ordinary polylogarithms [96,

97, 119]. In ref. [119] this double-box integral was written as a one-fold integral, which can
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Recall from ordinary polylogs:
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How to use this framework — step by step

1. Start from Feynman parametric integral 

2. Do as many integrals as possible in terms of MPLs G 

3. Reach a representation of the type 

4. Rewrite                        as  

5. Integrate in terms of eMPLs

G(a1, . . . , an; z) =

Z z

0

dt

t� a1
G(a2, . . . , an; t)

Lin(z) = G(0, . . . , 0, 1; z)
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roots, the original integrand is a purely rational object. Hence, the final analytic

result including square roots must be independent of the choice of the branch of the

root. This implies that the pure function part must have definite ‘parity’ with respect

to the operation of changing the sign of the root. For example, we see that the one-

loop bubble integral in eq. (2.7) is independent of the sign of the square root, and

both the algebraic prefactor and the pure function part are odd functions. In the case

of eMPLs, changing the sign of the square root corresponds to the operation (x, y) $

(x,�y). Since (x, y) = ((z,~a), c4 0(z,~a)), this operation corresponds on the torus

to changing the sign of z. We would thus like to have a basis of pure functions that

have definite parity under this operation. The basis e� does not have this property,

and we prefer to work with an alternative basis that makes this symmetry manifest.

2. From the mathematical point of view, elliptic curves and the functions associated

to them are most naturally studied in terms of complex tori and the coordinate z.

Feynman integrals, however, are more naturally expressed in terms of the variables

(x, y), because these variables are more directly related to the kinematics of the

process under consideration. We would therefore like to have a basis of pure eMPLs

formulated directly in terms of the variables (x, y).

4.2 Pure elliptic multiple polylogarithms
{sec:pure_eMPLs}

In this section we introduce a new class of iterated integrals on the elliptic curve defined

by the polynomial equation y
2 = P4(x) with the following properties:

1. They form a basis for the space of all eMPLs.

2. They are pure.

3. They have definite parity.

4. They manifestly contain ordinary MPLs.

The definition reads

E4(
n1 ... nk
c1 ... ck ;x,~a) =

Z x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) , (4.7) {eq:cE4_def}

with ni 2 Z and ci 2
bC. Equation (4.7) is of course equivalent to the di↵erential equation,

@xE4(
n1 ... nk
c1 ... ck ;x,~a) =  n1(c1, x) E4(

n2 ... nk
c2 ... ck ;x,~a) . (4.8) {eq:cE4_derivative}

The length and the weight are specified in analogy with the case of the E4 functions in

eq. (3.24). The integration kernels are defined implicitly through the identity (for n � 0)

dx ±n(c, x,~a) (4.9) {eq:Psi_to_gh}

= dzx

h
g
(n)(zx � zc, ⌧)± g

(n)(zx + zc, ⌧)� �±n,1

⇣
g
(1)(zx � z⇤, ⌧) + g

(1)(zx + z⇤, ⌧)
⌘i

.

It is easy to check that the class of functions defined in this way satisfies the four properties

outlined above: First, there is a one-to-one map between the kernels  ±n and the functions

– 15 –

 n(. . . , x,~a)E4(. . . ;x,~a)
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1 Triangle with massive loop

In this first application, we consider the two-loop non-planar triangle integral with a

massive loop shown in Figure 1. This integral involves two massless propagators and a

massive loop with four propagators with mass m. Two external legs are massless, i.e.

p21 = p22 = 0 and we set our kinematic variable S = �2(p1 · p2). The two loop integral

in question is then

I =

Z
ddk1d

dk2
(i⇡)4

1
Q6

i=1 Di

, (1.1)

where

D1 = k2
1 �m2, D3 = (k1 � p1)

2 �m2, D5 = (k1 � k2 � p1)
2,

D2 = k2
2 �m2, D4 = (k2 � p2)

2 �m2, D6 = (k2 � k1 � p2)
2.

(1.2)

Figure 1. Triangle with massive loop.

The family of integrals related to (1.1) was studied in [] by means of the di↵erential

equations method and written as integrals over elliptic integrals of the first and second

kinds multiplied by ordinary polylogarithms and rational functions.

Here we perform a direct integration over the Feynman parametrisation of this

integral and show that all integrations up to the penultimate can be performed in

terms of MPLs. In order to perform the last integration, we rewrite the integrand as

kernels of the elliptic multiple polylogarithms introduced in []. We present our result in

terms of elliptic polylogarithms defined on the elliptic curve and also on the torus. Part

of the result, when written as a function on the torus, depends on rational points for

the congruence subgroup �(4) ⇢ SL(2,Z), which can be expressed as iterated integrals

over Eisenstein series [].

Our task is to find an order of integration of the Feynman parameters so that linear

reducibility is achieved and all integrals apart from the last one can be performed in

1

Massive loop

p21 = p22 = 0
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S = �2(p1 · p2)
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— Tancredi, von Manteuffel ’17 — Ex:      productiont t̄

a = m2/S
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Table 1. Length and weight of eMPLs and related constants.

3 A non-planar triangle with a massive loop

In this first application, we consider the family of two-loop non-planar three-point functions

with a massive loop shown in fig. 2. These integrals involve massless propagators and a

massive loop with four propagators with mass m. Two external legs are massless, i.e. p21 =

p
2
2 = 0 and we set our kinematic variable q

2 = (p1 + p2)2. The family of two-loop integrals

is then

Ia1,...,a7 = � 1

⇡D

Z
d
D
k1d

D
k2

D
�a7
7Q6

i=1D
ai
i

, (3.1)

where the ai are the exponents of the propagators, and we consider only integrals with

a7 < 0. The propagators are

D1 = k
2
1 �m

2
, D3 = (k1 � p1)

2 �m
2
, D5 = (k1 � k2 � p1)

2
,

D2 = k
2
2 �m

2
, D4 = (k2 � p2)

2 �m
2
, D6 = (k2 � k1 � p2)

2
, D7 = k1 · p2.

(3.2)

Figure 2. Triangle with massive loop.

The family of integrals in eq. (3.1) was studied in ref. [37] by means of the di↵erential-

equation method, where it was shown that there are two master integrals for the top

topology which satisfy a coupled two-dimensional system.4 We choose as basis integrals

M1 = I1,1,1,1,1,1,0 , M2 = I2,1,1,1,1,1,0 , (3.3)

where we note that both integrals are finite in D = 4 space-time dimensions. In ref. [37],

the solution of the system was presented as an expansion in the dimensional-regularisation

4For a numerical implementation of this integral, see refs. [70, 71].
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Two master integrals:
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First master

we expect to be able to perform the integral in x4 without introducing any additional

square roots in x̄2. Note that, while this transformation linearises the overall symbol of

the integrand, individual MPLs may still involve quadratic symbol letters that cancel out

in the combination. Indeed, in this case it turns out that in order to rewrite the individual

MPLs one needs to introduce the square-root valued letters

r± =
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1± 4a) . (3.13)
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Once these identities are inserted back into eq. (3.9), the dependence on r± cancels out, as

expected from eq. (3.11). Note however that, for this particular example, the cancellation

of r± at this stage is not required for the integration algorithm to go through, since r± do

not depend on the remaining integration variable x̄2.

By performing these manipulations and integrating over x4 through the recursive def-

inition of MPLs (2.2) we arrive at a one-fold integral in the variable x̄2 given by
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where y is the square root of a quartic polynomial, as anticipated,

y
2 = P4(x̄2) = x̄2(x̄2 � 1)(x̄2 � b+)(x̄2 � b�) , (3.16)
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3 A non-planar triangle with a massive loop

In this first application, we consider the family of two-loop non-planar three-point functions

with a massive loop shown in fig. 2. These integrals involve massless propagators and a

massive loop with four propagators with mass m. Two external legs are massless, i.e. p21 =

p
2
2 = 0 and we set our kinematic variable q

2 = (p1 + p2)2. The family of two-loop integrals

is then

Ia1,...,a7 = � 1

⇡D

Z
d
D
k1d

D
k2

D
�a7
7Q6

i=1D
ai
i

, (3.1)

where the ai are the exponents of the propagators, and we consider only integrals with

a7 < 0. The propagators are

D1 = k
2
1 �m

2
, D3 = (k1 � p1)

2 �m
2
, D5 = (k1 � k2 � p1)

2
,

D2 = k
2
2 �m

2
, D4 = (k2 � p2)

2 �m
2
, D6 = (k2 � k1 � p2)

2
, D7 = k1 · p2.

(3.2)

Figure 2. Triangle with massive loop.

The family of integrals in eq. (3.1) was studied in ref. [37] by means of the di↵erential-

equation method, where it was shown that there are two master integrals for the top

topology which satisfy a coupled two-dimensional system.4 We choose as basis integrals

M1 = I1,1,1,1,1,1,0 , M2 = I2,1,1,1,1,1,0 , (3.3)

where we note that both integrals are finite in D = 4 space-time dimensions. In ref. [37],

the solution of the system was presented as an expansion in the dimensional-regularisation

4For a numerical implementation of this integral, see refs. [70, 71].
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we expect to be able to perform the integral in x4 without introducing any additional

square roots in x̄2. Note that, while this transformation linearises the overall symbol of

the integrand, individual MPLs may still involve quadratic symbol letters that cancel out

in the combination. Indeed, in this case it turns out that in order to rewrite the individual

MPLs one needs to introduce the square-root valued letters
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These letters enter in identities of the type
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Once these identities are inserted back into eq. (3.9), the dependence on r± cancels out, as

expected from eq. (3.11). Note however that, for this particular example, the cancellation

of r± at this stage is not required for the integration algorithm to go through, since r± do

not depend on the remaining integration variable x̄2.

By performing these manipulations and integrating over x4 through the recursive def-

inition of MPLs (2.2) we arrive at a one-fold integral in the variable x̄2 given by
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Once these identities are inserted back into eq. (3.9), the dependence on r± cancels out, as

expected from eq. (3.11). Note however that, for this particular example, the cancellation

of r± at this stage is not required for the integration algorithm to go through, since r± do

not depend on the remaining integration variable x̄2.
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where y is the square root of a quartic polynomial, as anticipated,

y
2 = P4(x̄2) = x̄2(x̄2 � 1)(x̄2 � b+)(x̄2 � b�) , (3.16)
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and as such defines an elliptic curve with branch points

~b = (b�, 1, 0, b+) , b± =
1

2
(1±

p
1� 16a) . (3.17)

The ordering of the branch points in ~b is chosen following the prescription in eq. (2.14)

for the kinematic region where a > 1/16, so that b� = (b+)⇤ are complex. This choice is

made for convenience, as it is simpler to perform a numerical evaluation of the final result

when the branch points and potential poles are not on the real axis. In eq. (3.15) we have

also introduced the shorthand notation for symmetric and anti-symmetric combinations of

MPLs depending on the elliptic curve,

G±(~n, x) ⌘
G(R+,~n, x)±G(R�,~n, x)

2
, (3.18)

with the variables R± given by

R± ⌘
�x̄2(1� x̄2)±

p
P4(x̄2)

2 (x̄2 � 1)
. (3.19)

In order to compute the integral in eq. (3.15), our next task is to recast its integrand

in terms of eMPLs whose dependence on the integration variable is of the form E4(. . . ; x̄2)
multiplied by eMPL kernels (see eqs. (2.32), (2.33) and (2.34)). This way, the last integral

in the variable x̄2 can be performed trivially using the recursive definition of eMPLs (2.24).

This is a bottom-up procedure in the length of the eMPLs: at a given length L = n, it can

be achieved through a sequence of four steps:

1. Di↵erentiation in the variable x̄2, which in general produces rational functions on the

elliptic curve5 and eMPLs of length L = n � 1. Since we are working bottom-up,

we can assume that all eMPLs of length L = n � 1 are already known in the form

E4(. . . ; x̄2).

2. Partial fractioning of the derivative to cast it as a linear combination of eMPL kernels,

times eMPLs of length L = n� 1.

3. Finding the primitive in x̄2 using the recursive definition of the eMPLs.

4. Fixing of the integration constant comparing the original expression and the new one

for a fixed (possibly simple) value of x̄2.

This procedure guarantees that all eMPLs are of the form E4(. . . ; x̄2) times an elementary

eMPL kernel and thus can be trivially integrated using eq. (2.24). Note that this is a

standard procedure for ordinary MPLs and the only di↵erence here is that we need to

identify and use the elliptic kernels instead.

To illustrate the mechanism, let us first consider the MPLs that do not depend on the

elliptic curve, i.e. G(~n;x) where the endpoint x and the letters ~n are either constants or

5We recall that a rational function on the elliptic curve is defined as a rational function in two variables,

R(x, y), with the constraint y =
p

P4(x).
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Elliptic 
curve

After doing all but one integration following the given steps:



First master

depend on the square-root letters defined in eq. (3.13), but not on y. In this situation, a

derivative in x̄2 plus partial fractioning will lead to an integrand which depends only on

polylogarithmic kernels of the form 1
x̄2�c

, with c independent of x̄2. As such, it can simply

be integrated back to an MPL of the form G(~m, x̄2) with ~m independent of x̄2.

In a similar fashion, for the situation where the MPLs depend on the elliptic curve,

the procedure will lead to a combination of eMPL kernels which can then be integrated to

E4 functions. As an example, consider the weight-one function

G�(x̄2) =
G(R+, x̄2)�G(R�, x̄2)

2
=

1

2
log

 
x̄2(1� x̄2) +

p
P4(x̄2)

x̄2(1� x̄2)�
p

P4(x̄2)

!
. (3.20)

Taking a derivative with respect to x̄2 yields

@

@x̄2
G�(x̄2) =

1� 2x̄2

2
p

x̄2 (x̄2 � 1) (4a� x̄2(1� x̄2))
=

1

2y
� x̄2

y
. (3.21)

The next step is to integrate the above expression back in terms of E4 functions. To this

end, we rewrite the integrand in terms of the kernels defined in eqs. (2.32) and (2.33),

G�(x̄2) =

Z
x̄2

0

dt

y
� 2

Z
x2

0

dt t

y
+ c

=
!1

c4

Z
x̄2

0
 0(0, t,~b)� 2

Z
x̄2

0

⇣
 �1(1, t,~b)

⌘
+ (b� + 2c4G⇤(~b))

!1

c4
 0(0, t,~b)

�
+ c

= �2 E4
⇣

�1
1 ; x̄2,~b

⌘
.

(3.22)

In the expression above, the terms proportional E4
⇣

0
0 ; x̄2,

~b

⌘
cancel out since for the elliptic

curve under consideration G⇤(~b) and c4 are related and in particular G⇤(~b) evaluates to a
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see eq. (2.31). Moreover, we fixed the boundary term c = 0 by expanding G�(x̄2) around

x̄2 = 0. Performing similar steps on all MPLs appearing in the integrand of eq. (3.15) we

are able to express the integral as eMPLs, obtaining a very compact expression in terms

of a weight-one prefactor times a pure combination of eMPLs of uniform weight 3,
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where we omitted the dependence of E4 on the branch points ~b for clarity and restored

the factors of m2 using dimensional analysis. Note that, in order to obtain the expression

above, we used the fact that for this region the expression for G⇤(~b) reduces to the simple

algebraic function in eq. (3.23). We stress once more that a Feynman integral which can

be put in this form (i.e. one single prefactor which depends on the elliptic periods times

a combination of elliptic polylogarithms of uniform transcendental weight) appears to be

the natural generalisation of a pure integral from the polylogarithmic to the elliptic case.

We remind the reader that the expression in eq. (3.25) is valid in the region where

a > 1/16 for which two of the roots of the elliptic curve are located outside of the real axis,

and the branch points are ordered according to the conventions outlined in eq. (2.14), as

shown in eq. (3.17). It is easy to see that in the Euclidean region 0 < a < 1/16 the roots

are real and can be ordered on the real axis between 0 and 1 (see fig. 3 below). Moreover,

the special points r+/� defined in eq. (3.13) also become real and, in particular, one finds

0 < r� < 1. Therefore, in this region the pole r� lies on the integration contour and

eq. (3.25) is not a convenient representation. As an example of the analytic continuation

of an expression written in terms of eMPLs, in Appendix A we show how to analytically

continue eq. (3.25) to the region 0 < a < 1/16.

Figure 3. Location of the ranch points of the final expression for the top-production triangle
integral (3.25) in terms of eMPLs E4 in the region 0 < a < 1/16.
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we expect to be able to perform the integral in x4 without introducing any additional

square roots in x̄2. Note that, while this transformation linearises the overall symbol of

the integrand, individual MPLs may still involve quadratic symbol letters that cancel out

in the combination. Indeed, in this case it turns out that in order to rewrite the individual

MPLs one needs to introduce the square-root valued letters

r± =
1

2
(1�

p
1± 4a) . (3.13)

These letters enter in identities of the type
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◆
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(3.14)

Once these identities are inserted back into eq. (3.9), the dependence on r± cancels out, as

expected from eq. (3.11). Note however that, for this particular example, the cancellation

of r± at this stage is not required for the integration algorithm to go through, since r± do

not depend on the remaining integration variable x̄2.

By performing these manipulations and integrating over x4 through the recursive def-

inition of MPLs (2.2) we arrive at a one-fold integral in the variable x̄2 given by
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where y is the square root of a quartic polynomial, as anticipated,

y
2 = P4(x̄2) = x̄2(x̄2 � 1)(x̄2 � b+)(x̄2 � b�) , (3.16)

– 14 –

+ E4
�

0 1 �1
0 1 1 ; 1,~a

� i
, (5.22)

where we defined ⇠ = 1/(1�z). As it is easy to see, the result is expressed in terms of MPLs

and eMPLs of uniform weight three. We stress that, in spite of the explicit imaginary parts

in eq. (5.22), the result is real for 0 < z < 1. We have checked eq. (5.22) agrees numerically

with the Feynman parameter representation for the kite integral. We observe that z⇠ is

not a rational point, so individual eMPLs in eq. (5.22) cannot be expressed in terms of

iterated integrals of modular forms, even though it is known that this is the case for the

kite integral [145]. We stress that this is not a contradiction, and the ⇠-dependence can

cancel in the combination in eq. (5.22). Since the purpose of this paper is only to show

that the kite integral evaluates to a pure function of weight three, we do not investigate

this further.

5.4 Elliptic two-loop three-point functions

In this section we consider a three-point function with a massive closed loop in D = 4� 2✏

dimensions (see fig. 1d),
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2 = q
2
.

This integral contributes to tt̄ production at two loops, as well as to two-loop processes like

the production of a pair of photons or jets, or a massive weak or Higgs boson in association

with a jet. It was computed for the first time using the di↵erential equations technique

in ref. [116], where it was expressed in terms of iterated integrals over complete elliptic

integrals. We now show that this integral can be expressed in terms of eMPLs in a natural

way. The details of the computation will be presented elsewhere [147], while here we only

present the final result. Seen as a function of q2, T (q2
,m

2) develops a discontinuity as

q
2
� 0 and as q

2
� 4m2. For the scope of this paper, we limit ourselves to consider the

Euclidean region where q
2
< 0, and we find
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First master

depend on the square-root letters defined in eq. (3.13), but not on y. In this situation, a

derivative in x̄2 plus partial fractioning will lead to an integrand which depends only on

polylogarithmic kernels of the form 1
x̄2�c

, with c independent of x̄2. As such, it can simply

be integrated back to an MPL of the form G(~m, x̄2) with ~m independent of x̄2.

In a similar fashion, for the situation where the MPLs depend on the elliptic curve,

the procedure will lead to a combination of eMPL kernels which can then be integrated to

E4 functions. As an example, consider the weight-one function
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Taking a derivative with respect to x̄2 yields
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The next step is to integrate the above expression back in terms of E4 functions. To this

end, we rewrite the integrand in terms of the kernels defined in eqs. (2.32) and (2.33),
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In the expression above, the terms proportional E4
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see eq. (2.31). Moreover, we fixed the boundary term c = 0 by expanding G�(x̄2) around

x̄2 = 0. Performing similar steps on all MPLs appearing in the integrand of eq. (3.15) we

are able to express the integral as eMPLs, obtaining a very compact expression in terms

of a weight-one prefactor times a pure combination of eMPLs of uniform weight 3,
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1 M̃1 , (3.24)
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where we omitted the dependence of E4 on the branch points ~b for clarity and restored

the factors of m2 using dimensional analysis. Note that, in order to obtain the expression

above, we used the fact that for this region the expression for G⇤(~b) reduces to the simple

algebraic function in eq. (3.23). We stress once more that a Feynman integral which can

be put in this form (i.e. one single prefactor which depends on the elliptic periods times

a combination of elliptic polylogarithms of uniform transcendental weight) appears to be

the natural generalisation of a pure integral from the polylogarithmic to the elliptic case.

We remind the reader that the expression in eq. (3.25) is valid in the region where

a > 1/16 for which two of the roots of the elliptic curve are located outside of the real axis,

and the branch points are ordered according to the conventions outlined in eq. (2.14), as

shown in eq. (3.17). It is easy to see that in the Euclidean region 0 < a < 1/16 the roots

are real and can be ordered on the real axis between 0 and 1 (see fig. 3 below). Moreover,

the special points r+/� defined in eq. (3.13) also become real and, in particular, one finds

0 < r� < 1. Therefore, in this region the pole r� lies on the integration contour and

eq. (3.25) is not a convenient representation. As an example of the analytic continuation

of an expression written in terms of eMPLs, in Appendix A we show how to analytically

continue eq. (3.25) to the region 0 < a < 1/16.

Figure 3. Location of the ranch points of the final expression for the top-production triangle
integral (3.25) in terms of eMPLs E4 in the region 0 < a < 1/16.
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where we omitted the dependence of E4 on the branch points ~b for clarity and restored

the factors of m2 using dimensional analysis. Note that, in order to obtain the expression

above, we used the fact that for this region the expression for G⇤(~b) reduces to the simple

algebraic function in eq. (3.23). We stress once more that a Feynman integral which can

be put in this form (i.e. one single prefactor which depends on the elliptic periods times

a combination of elliptic polylogarithms of uniform transcendental weight) appears to be

the natural generalisation of a pure integral from the polylogarithmic to the elliptic case.

We remind the reader that the expression in eq. (3.25) is valid in the region where

a > 1/16 for which two of the roots of the elliptic curve are located outside of the real axis,

and the branch points are ordered according to the conventions outlined in eq. (2.14), as

shown in eq. (3.17). It is easy to see that in the Euclidean region 0 < a < 1/16 the roots

are real and can be ordered on the real axis between 0 and 1 (see fig. 3 below). Moreover,

the special points r+/� defined in eq. (3.13) also become real and, in particular, one finds

0 < r� < 1. Therefore, in this region the pole r� lies on the integration contour and

eq. (3.25) is not a convenient representation. As an example of the analytic continuation

of an expression written in terms of eMPLs, in Appendix A we show how to analytically

continue eq. (3.25) to the region 0 < a < 1/16.

Figure 3. Location of the ranch points of the final expression for the top-production triangle
integral (3.25) in terms of eMPLs E4 in the region 0 < a < 1/16.
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Performing similar steps for the second master integral, M2 in eq. (3.3), we can express

it in terms of the same class of functions. Contrary to the first master, we find that the

second master integral cannot be written as one single (transcendental) prefactor times a
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2 M̃1 +H

(tt̄)
2 M̃2 , (3.26)
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⌦(tt̄)
1 = � 16 a2 !1

m4(1�
p
1� 16a)

M̃1 = 5T1+(a) + 3T1�(a) +O(✏) ,

T1+(a) = E4
⇣

0 �1 1 1
0 1 0 1�r+

; 1
⌘
+ E4

⇣
0 �1 1 1
0 1 0 r+

; 1
⌘
+ E4
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0 �1 1 1
0 1 1 1�r+
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+ E4

⇣
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0 1 1 r+
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⌘

,

T1�(a) = � E4
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⌘
+ E4

⇣
0 �1 1
0 1 r� ; 1

⌘i
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we expect to be able to perform the integral in x4 without introducing any additional

square roots in x̄2. Note that, while this transformation linearises the overall symbol of

the integrand, individual MPLs may still involve quadratic symbol letters that cancel out

in the combination. Indeed, in this case it turns out that in order to rewrite the individual

MPLs one needs to introduce the square-root valued letters

r± =
1

2
(1�

p
1± 4a) . (3.13)

These letters enter in identities of the type

G

✓
a

x4
� x4 + 1; x̄2 � x4

◆
=G

✓
� a

1� x̄2
;x4

◆
�G (r+;x4)�G (1� r+;x4)

G ((x4 � 1)x4; a) =G (r+;x4) +G (1� r+;x4) + log

✓
a

x4(1� x4)

◆
.

(3.14)

Once these identities are inserted back into eq. (3.9), the dependence on r± cancels out, as

expected from eq. (3.11). Note however that, for this particular example, the cancellation

of r± at this stage is not required for the integration algorithm to go through, since r± do

not depend on the remaining integration variable x̄2.

By performing these manipulations and integrating over x4 through the recursive def-

inition of MPLs (2.2) we arrive at a one-fold integral in the variable x̄2 given by

M1 =
2a2

3

Z 1

0

dx̄2

y

⇥
"
6

 
G ((x̄2 � 1) x̄2; a)

✓
G�

✓
� a

x̄2 � 1
; x̄2

◆
+ 2G� (x̄2; x̄2)

◆

+G (0; x̄2)

✓
2G� (x̄2; x̄2)�G�

✓
a

x̄2 � 1
+ x̄2; x̄2

◆◆
�G (1; x̄2)G�

✓
a

x̄2 � 1
+ x̄2; x̄2

◆

+ 2G�

✓
0,

a

x̄2 � 1
; x̄2

◆
+G�

✓
� a

x̄2 � 1
,
a� x̄

2
2 + x̄2

1� x̄2
; x̄2

◆

+ 2G�

✓
x̄2,

a� x̄
2
2 + x̄2

1� x̄2
; x̄2

◆
+G�

✓
a

x̄2 � 1
+ x̄2,

a

x̄2 � 1
; x̄2

◆

� 2 log(a)G� (x̄2; x̄2) + log(a)G�

✓
a

x̄2 � 1
+ x̄2; x̄2

◆
+ 2G (1; x̄2)G� (x̄2; x̄2)

!

�G� (x̄2)

 
6G (0; x̄2)G ((1� x̄2) x̄2; a) + 6G (1; x̄2)G ((1� x̄2) x̄2; a)

+ 6G (0, (1� x̄2) x̄2; a) + 6G (0, (x̄2 � 1) x̄2; a)� 6 log(a)G ((1� x̄2) x̄2; a) + ⇡
2

!#
,

(3.15)

where y is the square root of a quartic polynomial, as anticipated,

y
2 = P4(x̄2) = x̄2(x̄2 � 1)(x̄2 � b+)(x̄2 � b�) , (3.16)
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Manifestly pure of weight 4!

E4( n1 ... nk
c1 ... ck ;x) !

X

i

|ni|

!1,⇡ ! 1
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+ E4
�

0 1 �1
0 1 1 ; 1,~a

� i
, (5.22)

where we defined ⇠ = 1/(1�z). As it is easy to see, the result is expressed in terms of MPLs

and eMPLs of uniform weight three. We stress that, in spite of the explicit imaginary parts

in eq. (5.22), the result is real for 0 < z < 1. We have checked eq. (5.22) agrees numerically

with the Feynman parameter representation for the kite integral. We observe that z⇠ is

not a rational point, so individual eMPLs in eq. (5.22) cannot be expressed in terms of

iterated integrals of modular forms, even though it is known that this is the case for the

kite integral [145]. We stress that this is not a contradiction, and the ⇠-dependence can

cancel in the combination in eq. (5.22). Since the purpose of this paper is only to show

that the kite integral evaluates to a pure function of weight three, we do not investigate

this further.

5.4 Elliptic two-loop three-point functions

In this section we consider a three-point function with a massive closed loop in D = 4� 2✏

dimensions (see fig. 1d),

T (q2
,m

2) = (5.23)

�
e
2�E✏

⇡D

Z
d
D
k d

D
l

(k � p1)2((l � p1)2 �m2)(k + p2)2((k � l + p2)2 �m2)((k � l)2 �m2)(l2 �m2)
,

with

p
2
1 = p

2
2 = 0 , (p1 + p2)

2 = q
2
.

This integral contributes to tt̄ production at two loops, as well as to two-loop processes like

the production of a pair of photons or jets, or a massive weak or Higgs boson in association

with a jet. It was computed for the first time using the di↵erential equations technique

in ref. [116], where it was expressed in terms of iterated integrals over complete elliptic

integrals. We now show that this integral can be expressed in terms of eMPLs in a natural

way. The details of the computation will be presented elsewhere [147], while here we only

present the final result. Seen as a function of q2, T (q2
,m

2) develops a discontinuity as

q
2
� 0 and as q

2
� 4m2. For the scope of this paper, we limit ourselves to consider the

Euclidean region where q
2
< 0, and we find

T (q2
,m

2) =
32!1

q4(1 +
p
1� 16a)

[T0(a) + 3T�(a) + 5T+(a) +O(✏)] , (5.24)

with a = m
2
/(�q

2) and

T0(a) =
1

2

�
⇣2 � log2

a
�
E4

⇣
0 �1
0 1 ; 1,~b

⌘
+ log a

h
E4

⇣
0 �1 1
0 1 0 ; 1,

~b

⌘
+ E4

⇣
0 �1 1
0 1 1 ; 1,

~b

⌘i
(5.25)

� E4

⇣
0 �1 1 1
0 1 0 0 ; 1,

~b

⌘
� E4

⇣
0 �1 1 1
0 1 0 1 ; 1,

~b

⌘
� E4

⇣
0 �1 1 1
0 1 1 0 ; 1,

~b

⌘
� E4

⇣
0 �1 1 1
0 1 1 1 ; 1,

~b

⌘
,

T�(a) = ⇣2 E4

⇣
�1 0
1 0 ; r�,

~b

⌘
+ E4

⇣
�1 0 1 1
1 0 0 0 ; r�,

~b

⌘
+ E4

⇣
�1 0 1 1
1 0 0 1 ; r�,

~b

⌘
� E4

⇣
�1 0 1 1
1 0 1 0 ; r�,

~b

⌘

� E4

⇣
�1 0 1 1
1 0 1 1 ; r�,

~b

⌘
+ E4

⇣
�1 1 0 1
1 0 0 1 ; r�,

~b

⌘
� E4

⇣
�1 1 0 1
1 1 0 0 ; r�,

~b

⌘
+ E4

⇣
1 �1 0 1
0 1 0 1 ; r�,

~b

⌘
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If we carry on:

— Aglietti, Bonciani ’07 — — Tancredi, von Manteuffel ’17 — 

2 master integrals 3 master integrals

• In both cases, possible to change basis to a basis of uniform weight! 

• Unclear a priori 

• Can it be done in general? 

• What benefits can this bring?



•   Pure elliptic polylogarithms seem to capture interesting structure of certain 
Feynman integrals 

•   General class of functions which deserves to be studied in depth if we seek  
manageable analytical expressions 

•   Efficient numerical evaluation to the same level of MPLs one day? 
[Weinzierl’s talk] 

•   Not enough for integrals with more complicated geometry (K3 surfaces, 
CYs, multiple elliptic curves) 

•   Hopefully this formalism is useful outside of the realm of Feynman 
integrals too — curious to see room for potential applications in this 
workshop! 

 

Conclusions



Back-up: Explicit eMPLs integration kernels

g
(n)(zx ± zc, ⌧). Since the latter define the basis of eMPLs e�, there is a one-to-one map

between the functions E4 and e�, and so the iterated integrals in eq. (4.7) define a basis for

the space of all eMPLs. Second, since the coe�cients in eq. (4.9) are all ±1, the functions

E4 can be written as a Q-linear combination of e� functions, and so the E4 functions are

pure. Third, it is easy to see that eq. (4.9) has definite parity under changing the sign of

zx. Hence, the E4 functions define a pure basis of eMPLs with definite parity. Finally, the

term proportional to a Kronecker � is conventional, and added so that (cf. eq. (3.29))

dx 1(c, x,~a) =
dx

x� c
, c 6= 1 . (4.10)

In this way we make manifest that ordinary MPLs are a subset of eMPLs,

E4
�

1 ... 1
c1 ... ck ;x,~a

�
= G(c1, . . . , ck;x) , ci 6= 1 . (4.11) {eq:cE4_to_G}

Given the properties that the iterated integrals in eq. (4.7) fulfil, we argue that this class of

functions is very well suited to express Feynman integrals that can be written in terms of

eMPLs. We will illustrate this on several non-trivial elliptic Feynman integrals in Section 5.

In the remainder of this section we study in more detail the properties of the E4 functions.

4.3 Integration kernels defining pure eMPLs

So far we have defined the kernels  ±n in eq. (4.9) only implicitly through their relationship

to the coe�cients of the Eisenstein-Kronecker series. In ref. [121] it was shown that there

is a one-to-one map between the g
(n) functions and the kernels  ±n defined in Section 3.

Using the results of ref. [121] we can give an explicit representation of the kernels that

appear in eq. (4.7). We present here explicitly the formulæ up to n = 1. The extension to

higher values of n is straightforward. For n = 0, we find

 0(0, x,~a) =
1

!1
 0(0, x,~a) =

c4

!1 y
. (4.12) {eq:pure_psi0}

For n = 1, we have (with c 6= 1)

 1(c, x,~a) =  1(c, x,~a) =
1

x� c
,

 �1(c, x,~a) =  �1(c, x,~a) + Z4(c,~a) 0(0, x,~a) =
yc

y(x� c)
+ Z4(c,~a)

c4

y
, (4.13) {eq:pure_psi1}

 1(1, x,~a) = � 1(1, x,~a) = �Z4(x,~a)
c4

y
,

 �1(1, x,~a) =  �1(1, x,~a)�


a1

c4
+ 2G⇤(~a)

�
 0(0, x,~a) =

x

y
�

1

y
[a1 + 2c4 G⇤(~a)] .

The corresponding formulas for n = 2 are given in Appendix B. The quantity G⇤(~a) in the

last equation corresponds to the image of z⇤ under the function g
(1),

G⇤(~a) ⌘
1

!1
g
(1)(z⇤, ⌧) . (4.14) {eq:G_infty_def}

In eq. (3.12) we have seen that z⇤ can be expressed in terms of elliptic integrals of the first

kind. Similarly, it is possible to derive a closed analytic expression for G⇤(~a) in terms of
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and for other configuration of the branch points (or complex complex ones), z⇤ may pick

up a minus sign depending on the conventions for the branches of the square root. Finally,

the kernels entering the pure eMPLs depend on the function G⇤(~a) which is simply the

image of the point z⇤ under g(1) (see eq. (2.18)),

G⇤(~a) ⌘
1

!1
g(1)(z⇤, ⌧) . (2.23) {eq:G_infty_def}{eq:G_infty_def}

As shown in ref. [3], G⇤ can also be written in terms of known (incomplete) elliptic integrals

of the first and second kinds. In the situation where the branch points ~a are real and ordered

according to a1 < a2 < a3 < a4 we have

G⇤(~a) =

✓
2⌘1
!1

�
�

3
+

2

3

◆
F
�p

↵|�
�
� E

�p
↵|�

�
+

r
↵(↵�� 1)

↵� 1
. (2.24) {eq:G_infty_KE}{eq:G_infty_KE}

In the special case where the point z⇤ is of the form1

z⇤ = a+ b ⌧(�) , (2.25)

for a and b constants, then G⇤(~a) admits an even simpler form, namely

G⇤(~a) =
(1� �) [�↵0(�) + ↵]p

↵(1� ↵)(1� ↵�)
� b

2⇡i

!1
. (2.26)

At last, we are ready to lay down the expressions for the kernels.

For n = 0, there is only one kernel,

 0(0, x,~a) =
c4
!1 y

. (2.27) {eq:pure_psi0}{eq:pure_psi0}

For n = 1, we have (with c 6= 1)

 1(c, x,~a) =
1

x� c
,

 �1(c, x,~a) =
yc

y(x� c)
+ Z4(c,~a)

c4
y
, (2.28) {eq:pure_psi1}{eq:pure_psi1}

 1(1, x,~a) = �Z4(x,~a)
c4
y
,

 �1(1, x,~a) =
x

y
�

1

y
[a1 + 2c4G⇤(~a)] ,

1The situation with a, b 2 Q is common in applications, and a point of this form is called a rational

point.
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g
(n)(zx ± zc, ⌧). Since the latter define the basis of eMPLs e�, there is a one-to-one map

between the functions E4 and e�, and so the iterated integrals in eq. (4.7) define a basis for

the space of all eMPLs. Second, since the coe�cients in eq. (4.9) are all ±1, the functions

E4 can be written as a Q-linear combination of e� functions, and so the E4 functions are

pure. Third, it is easy to see that eq. (4.9) has definite parity under changing the sign of

zx. Hence, the E4 functions define a pure basis of eMPLs with definite parity. Finally, the

term proportional to a Kronecker � is conventional, and added so that (cf. eq. (3.29))

dx 1(c, x,~a) =
dx

x� c
, c 6= 1 . (4.10)

In this way we make manifest that ordinary MPLs are a subset of eMPLs,

E4
�

1 ... 1
c1 ... ck ;x,~a

�
= G(c1, . . . , ck;x) , ci 6= 1 . (4.11) {eq:cE4_to_G}{eq:cE4_to_G}

Given the properties that the iterated integrals in eq. (4.7) fulfil, we argue that this class of

functions is very well suited to express Feynman integrals that can be written in terms of

eMPLs. We will illustrate this on several non-trivial elliptic Feynman integrals in Section 5.

In the remainder of this section we study in more detail the properties of the E4 functions.

4.3 Integration kernels defining pure eMPLs

So far we have defined the kernels  ±n in eq. (4.9) only implicitly through their relation-

ship to the coe�cients of the Eisenstein-Kronecker series. In ref. [121] it was shown that

there is a one-to-one map between the g
(n) functions and the kernels  ±n defined in Sec-

tion 3. Using the results of ref. [121] we can give an explicit representation of the kernels

that appear in eq. (4.7). We present here explicitly the formulæ up to n = 1, and the

corresponding formulas for n = 2 are given in Appendix B. The extension to higher values

of n is straightforward. For n = 0, we find

 0(0, x,~a) =
1

!1
 0(0, x,~a) =

c4

!1 y
. (4.12) {eq:pure_psi0}{eq:pure_psi0}

For n = 1, we have (with c 6= 1)

 1(c, x,~a) =  1(c, x,~a) =
1

x� c
,

 �1(c, x,~a) =  �1(c, x,~a) + Z4(c,~a) 0(0, x,~a) =
yc

y(x� c)
+ Z4(c,~a)

c4

y
, (4.13) {eq:pure_psi1}{eq:pure_psi1}

 1(1, x,~a) = � 1(1, x,~a) = �Z4(x,~a)
c4

y
,

 �1(1, x,~a) =  �1(1, x,~a)�


a1

c4
+ 2G⇤(~a)

�
 0(0, x,~a) =

x

y
�

1

y
[a1 + 2c4 G⇤(~a)] .

The quantity G⇤(~a) in the last equation corresponds to the image of z⇤ under the function

g
(1),

G⇤(~a) ⌘
1

!1
g
(1)(z⇤, ⌧) . (4.14) {eq:G_infty_def}{eq:G_infty_def}
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yc =
p

P4(c)
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Requirement of simple poles at most introduces new building block:

The previous formula makes explicit the fact that dx e�4 has a double pole at infinity on E ,

and thus double poles at z = ±z⇤ on the torus. We can apply exactly the same reasoning

to the di↵erential of the third kind with a simple pole at infinity, and we find

x dx

y
=

dz

c4
(z) =

a1 dz

c4
+ dz

h
g(1)(z � z⇤) � g(1)(z + z⇤) + 2g(1)(z⇤)

i
. (7.21)

We see that the right hand side has simple poles both at z = z⇤ and z = �z⇤, in agreement

with the fact that an elliptic function cannot have a single simple pole.

7.2 Elliptic polylogarithms associated to curves defined by a quartic equation

The elliptic polylogarithms attached to an elliptic curve defined by a quartic equation are

defined in complete analogy to the cubic case in eq. (3.16),

E4(
n1 ... nk
c1 ... ck ; x,~a) =

Z x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) , (7.22)

with ni 2 Z and ci 2 bC, and the recursion starts with E4(; x,~a) = 1. The branch points are

encoded in the vector ~a = (a1, a2, a3, a4). We will keep the dependence of all quantities on

~a implicit from now on. The integration kernels  n take a form very similar to the kernels

that appear in the cubic case, cf. eq. (3.31). We can write for n � 2

 0(0, x) =
c4
y

,

 1(c, x) =
1

x � c
,  �1(c, x) =

yc
y(x � c)

,

 1(1, x) =
c4
y

Z4(x) ,  �1(1, x) =
x

y
,

 �n(1, x) =
x

y
Z(n�1)
4 (x) �

�n2
c4

,

 n(c, x) =
1

x � c
Z(n�1)
4 (x) � �n2 �4(x) ,

 n(1, x) =
c4
y

Z(n)
4 (x) ,  �n(c, x) =

yc
y(x � c)

Z(n�1)
4 (x) ,

(7.23)

where we have defined Z(0)
4 (x) ⌘ 1,

�4(x) ⌘ e�4(x) + 4c4
⌘1
!1

1

y
, (7.24)

and Z4(x) = Z(1)
4 (x) is a primitive of �4(x),

Z4(x) ⌘

Z x

a1

dx0 �4(x
0) . (7.25)

Note that the choice of the lower integration boundary again breaks the symmetry among

the branch points ai. It is easy to check that Z4 has a simple pole at infinity, and it is
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Double pole at 

Simple pole at x = 1
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x = 1
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