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Intro I — string perturbation theory

String amplitudes «+— Riemann surfaces as “fattened” Feynman diag’s

loop order in perturbation theory = genus of the Riemann surface

P & (X

particle
hmlt
E + j>—< + others
o — 0
closed- strmg states: open- btrmg states: convenient organization of loop integrand
external gravitons non-abelian gauge bosons “oravity = (gauge theory)?” (BCJ)

This talk: Study corrections to field theory ~ inverse string tension o'

— rewarding laboratory for iterated integrals, multiple zeta values,

polylogarithms, elliptic generalizations & modular forms



Intro I — string perturbation theory

Map external states to punctures e on the Riemann surface, e.g.

open strings
conformal 9
at tree level: Symmetfy
3

String amplitudes (n points, g loop) <+ integrals over moduli spaces M,

of n-punctured Riemann surfaces of genus ¢ (with / without boundary),

1@ E2n

o’-expansions <+ generating series for (large classes of ) periods of M gin-
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level
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Intro II — periods of moduli spaces at genus 0 & 1

open strings

closed strings

tree disk = multiple zeta values sphere = single-valued MZVs
level (MZVs) = polylog’s at z =1 = single-valued polylog’s at z =1
one cylinder / Mobius strip torus Zfﬁ = modular graph forms

loop

= elliptic MZVs

(modular covariant fct’s of 7)



Intro II — periods of moduli spaces

at genus 0 & 1

open strings

closed strings

tree disk = multiple zeta values sphere = single-valued MZVs
level (MZVs) = polylog’s at z =1 = single-valued polylog’s at z =1
one cylinder / Mobius strip torus Zfﬁ = modular graph forms
loop = elliptic MZVs (modular covariant fct’s of 7)

Laboratory for multiple (elliptic) polylogarithms in Feynman integrals,

e.g. iterated T-integrals over modular forms as a common theme

[see talks of Brenda Penante and Stefan Weinzierl]



Intro III — from open to closed strings

At tree level, can obtain closed-string o-expansions

from single-valued projection “sv” of open-string o’-expansions

closed open [Brown, Dupont,

strings: strings: OS, Schnetz,

Stieberger, Taylor,
sphere disk

Vanhove, Zerbini|

— significant cleanup of KLT rel’s (closed-string tree) = (open-string tree)?
[Kawai, Lewellen, Tye 1986]



Intro III — from open to closed strings

At tree level, can obtain closed-string o-expansions

from single-valued projection “sv” of open-string o’-expansions

closed open [Brown, Dupont,

strings: strings: OS, Schnetz,

Stieberger, Taylor,
sphere disk

Vanhove, Zerbini|

At one loop, propose examples of elliptic single-valued projection “esv”

by comparing closed-string o/-expansions < open-string o/-expansions

closed \‘\_"/ open [Brodel, Gerken,
strings: & esv strings: Kleinschmidt,
torus cylinder OS, Zerbini]




Outline

[. Tree-level warmup

[Brown, Dupont, OS, Schnetz, Stieberger, Taylor, Vanhove, Zerbini]

II. Elliptic MZVs and open strings at one loop
[Brodel, Mafra, Matthes, OS 1412.5535 & Brodel, Matthes, OS 1507.02254]

[1I. From closed strings to an elliptic single-valued map
[Brodel, OS, Zerbini 1803.00527 & Gerken, Kleinschmidt, OS 1811.02548]

[V. Conclusions & Outlook



I. Tree-level warmup
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I. 1 Four open strings on the disk

. 0 / dz; | oo
Zn conformal & 0 rop
symmetry 21 ,2;2 - fﬁ
@
“n—2 Zn—1 2 < Zitq

Veneziano amplitude 1968 (4pt tree level, massless open-string states)
involving dim’less Mandestam invariants s;; := 20 k; - kj

Zu: /123% 812 (1— 29)3 — ['(s19) I'(1 + s93)

— — exp (Z C” " sy + 555 — (s124523) })

S12

1

= (9823 + (3593(812+823) + ...

Expansion in o’ or s;; = all Riemann zeta values G, = > 721 k™™
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I. 2 Four closed strings on the sphere

Again fix (21, 23, 24) — (0,1, 00), integrate z = 29

and use dim’less Mandestam invariants s;; := 20'k; - kj

1 p 2819 1 — 2593 1_|_ S
P e H i

T 2Z(1—2) s19 + 4 (1 — s45)

1<
C\{0,1,00}
1 ¢
2k+1 1 _2k+1 2k+1 2k+1
— —exp | —2 E + s + s
S1o p( s 2kt 1 51 23 13 ])

Only (.1 at odd argument (no oy from open-string case)
G
Zypt = 5—12 exp <Z = (—=1)" [sy + sh3 — (s12+523)"]

Formally, at the level of o/-expansions, relate closed & open strings via

Gk+1— 2 C2k41
Jipt = Zypt ‘ s
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I. 3 Single-valued MZVs

o-expansion of n-point tree amplitudes involves multiple zeta values (MZVs)

©.0

—TM —n —
Cnl,ng,...,nr — Z ]‘Cl 1k2 ’ “ o k?“ fir y Ty 2 2
O<ki<ko<..<ky

Define single-valued projection sv of MZVs via their polylogarithm origin
[Schnetz 1302.6445 & Brown 1309.5309]

MZVs oo Gy > single-valued MZVs
z—1 z—1
, Francis Brown 2004: , :
polylogarithms 3 natural procedure to single-valued polylog’s
G({word in 0, 1}; 2) cancel monodromies G ({word in 0, 1}; 2)

e.g. G(1;2) = log(l—2z) — G (1;2) = log [1—2|°
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I. 3 Single-valued MZVs

o-expansion of n-point tree amplitudes involves multiple zeta values (MZVs)

©.0

—TM —nNn —
Cnl,ng,...,nr — Z ]‘Cl 1k2 ’ “ o k?“ fir y Ty 2 2
O<ki<ko<..<ky

Define single-valued projection sv of MZVs via their polylogarithm origin
[Schnetz 1302.6445 & Brown 1309.5309]

MZVs oo Gy > single-valued MZVs
z—1 z—1
, Francis Brown 2004: , :
polylogarithms 3 natural procedure to single-valued polylog’s
G({word in 0, 1}; 2) cancel monodromies G ({word in 0, 1}; 2)

sv(Cr) = 0, sv(Cpy1) = 2041, sv(@35) = —10¢3¢5, et
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I. 4 Closed-string trees = sv(open-string trees)

At four points, sv((yr) = 0 and sv((opi1) = 2 (9p.41 underpins

1q 1 2512 |1 — »|2523
sv( 22 s (1— 2)323) = — / 4%z el el

Jo % ) 7T 2Z(1—2)
disk int. of Afes SM0looy )
sphere int. of Mgﬁfsee q

Same correspondence holds for n-point disk / sphere integrals

e conjectured after order-by-order inspection of a/-expansion
[OS, Stieberger 1205.1516; Stieberger 1310.3259; Stieberger, Taylor 1401.1218]

e announced as a theorem
[Brown: talk at String Math 2018 (Sendai, Japan); Brown, Dupont 1810.07682]

e physicist’s proof (assuming e.g. standard transcendentality conjectures)
[0S, Schnetz 1808.00713]

e alternative derivation of M tee

ClosedGSV(MZV) via single-valued correlators

[Vanhove, Zerbini 1812.03018]



II. Elliptic MZVs and open strings at one loop

16
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II. 1 Four open strings on a cylinder

Cylinder contribution to planar one-loop amplitude ~ Tr(t't2¢3t%)

O
-] |
Acpen (1,2,3,4) = 812823A$e1\?<1,2,3,4)/0 dt I1934(si5, T = it)
4
L1934(845,T) = / dzgdzzdzy exp (Z sii P (2 — 25, T))

O=21<29<23<24<1 1<J
[Brink, Green, Schwarz 1982]

-Im 2z

with Z§<j s;j = 0and Green function 0. P(z,7) = 0. log 0(z, 7)+2miy —.

Im z ¢

’ \>/\<—F ! tT H
>\/4 parametrized as
-1

2 4/2

--------
-
- e

.- l R I \
z1=0" 22 %3 Z4 1

, ¢}
“half a torus” 2
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II. 1 Four open strings on a cylinder

Main interest in this talk on the integral over the punctures 29, 23, 24

4
I1934(sij, T) = / dzgdzgdzy exp (Z sijP(zi — 2, T))
0=2]<z29<z3<z4<1 1<J by

e Taylor expand exp(s; i ;) = >~ (SZ] ;)" for each pair 1<i<j<4

o integrating [ [;;(£;)" over cyl. boundary = elliptic MZVs (eMZVs)
[Brodel, Mafra, Matthes, OS 1412.5535]
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II. 1 Four open strings on a cylinder

Main interest in this talk on the integral over the punctures 29, 23, 24

4
I1934(sij, T) = / dzgdzgdzy exp (Z sijP(zi — 2, T))
0=2]<z29<z3<z4<1 1<J by

e Taylor expand exp(s; i ;) = >~ (SZ] ;)" for each pair 1<i<j<4

e integrating [[._ (P;;)"7 over cyl. boundary = elliptic MZVs (eMZVs
g & 1<) (¥
[Brodel, Mafra, Matthes, OS 1412.5535]

e cMZVs are proper subset of iterated 7-integrals Ey(k1, ko, ..., kr; 7)

over holomorphic Eisenstein series Gp.(7) with QMZV, ﬁ] coeft’s
[Enriquez 1301.3042 & Brédel, Matthes, OS 1507.02254]

e cylinder <+ specialize 7 = it with ¢ € R4, Moebius strip has 7 = %—l— 1t



II. 2 Iterated Eisenstein integrals

Holomorphic Eisenstein series (k > 4 even, q¢ = eZMT) & Gop=—1

Q ( ) o Z 1 o QC 4 2(27T2)k i mk—l mn
T N o VR
m,neZ m,n=1

20
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II. 2 Iterated Eisenstein integrals

Holomorphic Eisenstein series (k > 4 even, q¢ = 627”7) & Gp=—1= GO
1 . O
Gi(r) = = 2@, + m" g
m,nZEZ (mT—Hl)k ;
(m7n>7£<070> h ar d
Gk(7'>

Define iterated Eisenstein integrals recursively by £)(;7) = 1 and
100
Eollrs o, ki) = (2mifi e [ a! G () ks i)
T

k1 > 4 = convergent integrals by zero-mode subtraction GO1 = Gp, —2C,
—2 = il

(k—1)! Z (mn)pqmn

m,n=1

eg. &(k,0,0,...,0;7) =
p—1

g-expansion straightforwardly inherited from above G%(T).
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II. 2 Iterated Eisenstein integrals

Back to open-string integral

4
I1934(si5,T) = / d2gdzgdzy exp (Zsz’j P(z; — Zjﬁ))
O=21<29<23<24<1 1<J

with Mandelstam relations s34 = s19, S14 = S93 & S13 = S94 = —519—593

1 3513
11934(8;5,T) = ) (3 — 6E0(4,0,0;7)]
60 Cy
+ 71_—(813 -+ 2812823) [5@(6 0,0, 0:; 7‘) — m}

— 2 (3%2 T 512523 + 8%3) 1E0(4,0;7) — %] + O(a")

Order by order in s;;, get eMZVs and theretore iterated Eisenstein integrals
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II. 2 Iterated Eisenstein integrals

Back to open-string integral
4

11934(84j, T) = / dzgdzzdzy exp (ZS@;‘ P(z; — Zjﬁ))
O=z21<29<z23<zy<1 1<J
with Mandelstam relations s34 = s19, S14 = S93 & S13 = S94 = —519—593

1 3513
11934(8;5,T) = ) (3 — 6E0(4,0,0;7)]
60 Cy
+ 71_—(813 -+ 2812823) [5@(6 0,0, 0; 7‘) — m}

— 2 (3%2 T 512523 + 8%3) 1E0(4,0;7) — %] + O(a")

Order by order in s;;, get eMZVs and theretore iterated Eisenstein integrals

. and the same is true for non-planar one-loop amplitudes ~ Tr(t1¢?) Tr(¢3t%)
[Broedel, Matthes, Richter, OS 1704.03449]



II. 3 Symmetrized open-string integral

To connect with closed strings, combine permutations of fO <<z

Is S; Z I (s;
(i T 1p(284) (5352 7)
pESS

= 1 + (8%2 + 519593 + 8%3) [CQ — 12 50(4, 0 7‘)}

5
+ 519513593 [12 50(4, 0, 0: 7‘) + 300 50(6, 0, 0; 7’) — 5 Cg} +

3<zy<1

0(05/4)

24
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II. 3 Symmetrized open-string integral

To connect with closed strings, combine permutations of fO << <<l

Is S; Z 1 (s;
(s, 1p(234) (53> 7)
pESS

= 1 + (S%Q + 519893 + 8%3) [CQ — 12 50(4, 0 T)}
5
+ 519513593 [12 50(4, 0, 0; 7‘) + 300 50(6, 0, 0; 7’) — 5 Cg} -+ 0(05/4)

Modular S-transformation 7 — —% follows from Gk(—l) = Tka(T)

T
T2 2C2 3C4 22C3 121

_ 12.60(4,0; 7)+--E0(4, 0,0 ]
90 3 QFQ T + 0( , 7T>%_ 0( ; 77)

T 2%GT G 35i¢ 126G 156G 17z‘§6 72@2
— SR L E(4,0,0;
Toususs| Tt 5 T e Tape o T b 00T

+300&(6,0,0:7) +$&)(6 0,0,0:7) — @50(6 0,0,0,0: ﬂ} + O

0,1,2,...

_[amnn(Sijj——%> = 1'_‘<S%24_312823%_333)[

open

—> coefl’s of ¢ = Laurent polynomials in T:=n7 along with MZVs.
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III. From closed strings to an elliptic single-valued map
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III. 1 Four closed strings on a torus

Four-point closed-string amplitude at one loop ( grawtons in type I1TA/B)

1-1
M, P(1,2,3,4) = |s195034V3(1,2,3,4)] / 5 Jelosed (81, 7)
d?z
J
Jclosed 5@]7 (H / Im7‘> (Z Sij g(ZZ' — %5 T)) =0
mod. 1nvar1ant 1<J

[Brink, Green, Schwarz 1982]

e fund. domain F of modular group Sls(Z) and torus T (1) = Zi%

e Fourier expansion of the Green function with 2z =r 4+ 7s and r,s € R

I T p2mi(nr—ms)
g(z,7) = — modular invariant!
’ lm + mn/|?

m,ne
(m,n)7#(0,0)
o o/-expansion of Jogeq(sij, 7) & generalizations has long history
[Green, Vanhove et al. 1999 - 2019; see Michael Green’s talk]



III. 1 Four closed strings on a torus

Main interest in this talk on the integral over the punctures z9, 23, 24

422 !
JJosed Sijs T (H/ Imi) (Z Sij 9(z; — 25, 7)) =0

1<

Again, Taylor expand the exponentials in Sij
—> need to evaluate fT dzzj over Hz<]( (21, )i

—> modular invariance order by order in s;;

28
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III. 1 Four closed strings on a torus

Main interest in this talk on the integral over the punctures z9, 23, 24

4%z !
JJosed ( Sijs T (H / Imj') (Z Sij g(z; — 25, T)) =0

1<J

Integrating monomials of Green fct’s @ z = r 4+ 7s over r, s € (0,1) ...

T T~ p2mi(nr—ms)
2, T) = —— modular invariant!
9(z:7) T Z 'm 4 Tn|?
m,ne
(m.n)#(0,0)

.. naturally lands on non-holomorphic Eisenstein series ...

B = (B0 Y — k>

2k
7 S lm + mn|

.. and generalizations to nested lattice sums “modular graph functions’.
[D’Hoker, Green, Giirdogan, Vanhove 1512.06779]
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III. 1 Four closed strings on a torus

Main interest in this talk on the integral over the punctures z9, 23, 24

d?z !
Jelosed Sij> T (H / Imi) EXp (Z Sij gz — 2 7_))

1<J

21=0
[ntegrating monomials of Green fct’s @ z = r + 7s over r, s € (0,1) ...

. = nested lattice sums known as “modular graph functions’,

e, (1) = (Im_T)k 3 ! k>2.

2k 7
n m,ne, ‘m T TTL‘
(m,n)#(0,0)
First step beyond non-holo” Eisenstein series: double sums (a, b, ¢ € N)

Im 7 atbte 1
i = (9
oel7) T Z Z im + mn|?|r + 7s]? |m —r + 7(n — s)[*

mneL r,SEZ

(ma)£(0.0) (r.s)(0.,0)
(r.5)#(m.n)

[D’Hoker, Green, Giirdogan, Vanhove 1512.06779]
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III. 1 Four closed strings on a torus

Main interest in this talk on the integral over the punctures z9, 23, 24

4%z !
JJosed Sijs T (H / Imj') (Z Sij g(z; — 25, 7)) =0

1<

E;. and generalizations — (real parts of) iterated Eisenstein integrals

100
SO(kla kQa R kTJ ) (QWZ)l kr/ dT/ G%T(T/> gO(klv kQa R k?“—l; 7-/)
T

[Gangl, Zagier 2000; D’Hoker, Green 1603.00839;
Broédel, OS, Zerbini 1803.00527]
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III. 1 Four closed strings on a torus

Main interest in this talk on the integral over the punctures z9, 23, 24

d?z !
Jelosed!( Sij> T (H / Imj') CXp (Z S1j gz — 2 7_))

1<

21=0

E;. and generalizations — (real parts of) iterated Eisenstein integrals

100
SO(kla kQa R kTJ ) (QWZ)l kr/ dT/ G%T(T/> gO(klv kQa R k?“—l; 7-/)
T

— series in ¢'"'q", coefficients are Laurent polynomials in y := wIm 7

2 2 207 2Gs 12
Jclosed<3ij7 7') =1 + (812 + 5125923 -+ 823> { 45 -+ " — 24 Re 50(4, O; 7') — z RG 50(4, O, O; ’7')}
2y’ 15Cs
——— — (3 — —= + 600 Re &y(6, 0, 0;
+ 812513823{ 130 G3 1y + e &(6,0,0:7)
900 450
+ == Re&(6,0,0,0;7) + — Re &(6,0,0,0,0; 7')] + O
Y y?

1
— structure familiar from open strings & [ sggré;n(sw, —=) ©
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III. 2 An elliptic single-valued projection?

Compare open- and closed-string o-expansion

]Symm(sz'j, _%> — Jclosed<3ija T)
open

e leading orders 1 + O(a?) on both sides

e series in ¢'" or ¢"'q" & Laurent polynomials in T := w7 ory :=wImr

e compare the first non-trivial order (o/)?%: very similar coefficients!

T? 2 3¢ 2i(s 12i
1 . .
]S(})%renr?(sij7 —;) (o) ~ — o0 -+ 3 —+ T2 -+ T — 12 50(4, 0, 7_) — 7 ((:()(4, O, O, 7')
2y° 2 12
Jetosed (87, T) wp ™ 4—y5 + % —24Re &)(4,0;7) — m Re &y(4,0,0;7)

— 10 closed-string analogue of (5., only sv(MZV) (5 survives

— closed string: real parts Re &y(. . .) of iterated Fisenstein int’s
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III. 2 An elliptic single-valued projection?

How to map open-string data to closed-string data?

T? 200 3¢y (3 127
1 . .
]Séf&ﬁl(sij, —;) (o)?2 ~ — 0 —+ 3 —+ T2 -+ T — 12 g()<4, O, T) — 7 g()(4, O, O, T)
21 2 12
Jetosed (8ij, T) wp ™ 4_2/5 + % — 24 Re &)(4,0;7) — m Re &y(4,0,0; 1)
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III. 2 An elliptic single-valued projection?

How to map open-string data to closed-string data?

T? 20 3¢ 2i(s 12i
]Sggrégl(sij,—%) ()2 ~ —90 + 3 + T2 + T —125()(470;7') - 75()(4,0,0;7')
2y° 2 12
Jelosed (87, T) wp ™ 4—y5 + % —24Re &)(4,0;7) — m Re &y(4,0,0;7)

Engineer elliptic single-valued projection esv
‘

(i) : Cnyng,... — SV(Cnl,nQ,...)

esv i ¢ (ii): T — 2y ie. 7 — 2ilm7

(ii) - Ey(ky,...;7) = 2Re&lky, ... 7)
\

to match above expressions @ (a/)? and in fact complete (/)= orders!
|
esv ]Symm<5ija _F> = closed(sz'jﬂ_)
open

[Brodel, OS, Zerbini 1803.00527]
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III. 2 An elliptic single-valued projection?

Conjectural elliptic single-valued projection esv (works to order o/ 6)
%

(i) : Cnyng,... = SV(CTLl,TLQ,...)

esv i ¢ (i) : T — 2iy ie. 7 — 2ilmT

(ii) - Ey(ky,...;7) = 2Re&lky, ... 7)

\

conjectured in [Brodel,

1
esv ]Symm(si' __) = Closed(si' T)
open ~ 7T J? 0S, Zerbini 1803.00527]

e so far requires ad-hoc convention how to use shuffle multiplication of &

e esv should relate to equivariant iterated Eisenstein integrals of Brown
[Brown 1407.5167, 1707.01230, 1708.03354]

e resonates with J joged(si;, 7) = infinite sums of sv(polylogarithms)
[D’Hoker, Green, Giirdogan, Vanhove 1512.06779]
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III. 3 Modular graph forms from heterotic strings

Loose end: What is esv I1934(s;, —%) without symmetrizing [ < za< 24?

— more general integral over tori from heterotic strings at one loop
4

Jhet SZ]) (H/ IHIT) 21722723724‘7-) CXP (ZS’U 9(22]77-))

i<
Elliptic fct. Va(z1, 29, 23, 24|7) of modular weight (2,0) defined by

/
cyclic product of Kronecker—Eisenstein series F'(z, 3, T) = 919<10(7;)76)19(f(;€7)7 )

Va(z1, 29, 23, 247) = Fl212,8,7) F(23,8,7) F(234, 8, 7) Fl21, 8, 7) | g2
[Dolan, Goddard 0710.3743]

o/-expansion of Jyet(s;5,7) = “modular graph forms” of weight (2, 0)
[D’Hoker, Green 1603.00839]
[Gerken, Kleinschmidt, OS 1811.02548]
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III. 3 Modular graph forms from heterotic strings

Modular graph forms of weight (2,0) from a%(modular graph functions)
4
Jhet(Sij, T (H/ ImT) 0(21, 22, 23, 24|T) exp (ZSZJ Q(ZijaT))
i<
2 9 O3 3
= 2#2{3313 5 + 3(813+2812823) 5 } + O(a”)

Expansion around the cusp resembles modular graph functions (y = wlm 7)

2y 3(3 4y2 G5
Jhet<5’ija 7') — 7T2 {813 (— — ?) + (8%3 + 2812823) (— — —3)

15 045 vy
Ay 203 5 3¢
2 Y 3 5 7 14 _
+ 813(513—312523)(945+ 5 —?—Q—ygx) + Oa )} + O(q,q)

Suppressed terms O(q, §) expressible via known &y(...) and &(. . .).

[Gerken, Kleinschmidt, OS 1811.02548]
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III. 3 Modular graph forms from heterotic strings

Compare heterotic-string integral ...

2y  3(3 492 G5
Jhet(5i5,T) = w2 {513 (— — ?) + (575 4 2512593) (— — —3>

15 045 4
4y 203 5G 3C
2 Y 3 5 7 14 _
+ 813(813—812823)(945+ : —?—2—&) + O )} + O(q,q)

.. with open-string integrals (with O(q) referring to known &y(. . .))

1T B ZCQ B 3C3 n 3ZC4>
60 27 272 273

2 1 |

511234(3i.17—%) - 511324(%, —1)— §]1243(s,&-j, L) = 313(

™ (o G G DG
2
SRTE TR
+ {8y 25128) 3755 336+4T2 T3~ 4T
- AT iGT G 3G 5G| (oG
+ s13(513 512523)( 7560 90 20 4T 217 @ 277
29iCs  3(GCt 3o 21i<‘8) 7
o 1+ i +T4 2T + O(a™) + O(q)

Combinations of orderings I;z(s;;, —%) vanishes upon symmetrization.
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III. 3 Modular graph forms from heterotic strings

Compare heterotic-string integral ...
2y 3¢ dy? ¢
2 Y 3 2 Y 5
Jhet<3ija T) = 7 {513 (1—5 - ?) + (513 + 2512823) (—945 - $>

4o 2 5 3 )
+ s13(s75 — 512893) (935 + gg — % — 2—;) + 0(0/4)} + O(q,q)

.. with open-string integrals (with O(q) referring to known &y(. . .))

2 1 1 ] 1 1 I Gy 3(C3 31y
—]1234(82"7', —;) — —]1324<3«4"7’, _;> - _]1243(323,7'7 _;> — 813(60 o 2T o 2T2 + 2T3)

3 3 3
) +0(a") + O(g)

T & G iGs o 5G
2
2 ( _ _ W5
(513 + 28128%) 5men = 55+ 1 T T 4

Tests up to o’ 3 motivate conjecture (also reproducing ch >Oq0 terms)
9D 2 ] 1 | 1 |
Jhet(8ij, T) = (27i)" esv (511234(8@77 —2) — 511324(8@77 —2) — 511243(3@7', —;)> + O(q)

[Gerken, Kleinschmidt, OS 1811.02548]
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e o/-expansion of string amplitudes «— periods of moduli spaces M gn

open strings

closed strings

tree disk = multiple zeta values sphere = single-valued MZVs
level (MZVs) = polylog’s at z =1 = single-valued polylog’s at z = 1
one cylinder / Mobius strip torus Zi% = modular graph fct’s

loop

= elliptic MZVs

(modular invariant fct’s of 1)
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e o/-expansion of string amplitudes «— periods of moduli spaces M gn

open strings

closed strings

tree disk = multiple zeta values sphere = single-valued MZVs
SV
~_
level (MZVs) = polylog’s at z =1 = single-valued polylog’s at z = 1
one cylinder / Mobius strip torus Zi% = modular graph fct’s
esv
~__

loop

= elliptic MZVs

(modular invariant fct’s of 1)
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IV. Conclusion

e o/-expansion of string amplitudes «+— periods of moduli spaces M g
e conjectural elliptic single-valued projection from one-loop o-expansions:

esv : eMZVs (open string) — modular graph forms (closed string)

e broader picture: complex integrals “d®z” = sv(contour integrals “dz”)
[Schnetz 1302.6445 & Brown, Dupont 1810.07682]

e also expect relations higher-genus modular graph fct’s <+ open strings
[D’Hoker, Green, Pioline 1712.06135, 1806.02691]

Thank you for your attention !




